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Abstract

One approach to motion control of autonomous vehicles is to divide control between path planning and path tracking. This paper
introduces an alternative control framework that integrates local path planning and path tracking using model predictive control
(MPC). The controller plans trajectories, consisting of position and velocity states, that best follow a desired path while remaining
within two safe envelopes. One envelope corresponds to conditions for stability and the other to obstacle avoidance. This enables
the controller to safely and minimally deviate from a nominal path if necessary to avoid spinning out or colliding with an obstacle.
A long prediction horizon allows action in the present to avoid a dangerous situation in the future. This motivates the use of a
first-order hold discretization method that maintains model fidelity and computational feasibility. The controller is implemented in
real-time on an experimental vehicle for several driving scenarios.
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1. Introduction

In an autonomous vehicle, it can be useful to divide motion
control into path planning and path tracking [1][2][3]. In this
hierarchical structure, the path planner uses data from percep-
tion systems to generate a desired path (desired positions and
orientations) the vehicle should follow. The path tracker then
calculates and applies steering action to guide the vehicle along
the path. As long as the vehicle can feasibly follow the path, this
paradigm works well [4][5]. This is especially true in normal
driving scenarios characterized by low accelerations in which
the kinematic vehicle model often used in path planners approx-
imates vehicle behavior well [6][7]. However, a path planner
may not have sufficient or accurate information, especially in
cases of changing road conditions or nonlinear dynamic limits
of the vehicle. Even if a path planner has access to this data, it is
challenging to encode all information needed to safely navigate
the environment as a single path. If the path cannot be perfectly
tracked, a path tracking controller should possess information
about where it is safe to deviate from the path, such as within a
lane, and where it is not, such as next to another vehicle.

Path tracking controllers that consider the non-linear dynam-
ics of the vehicle have been shown to be effective in extreme
conditions such as racing, fast emergency maneuvers, and icy
roads. Kritayakirana et al. used feedforward and lanekeeping-
based feedback control to track a racing line even as tires ap-
proached saturation [8]. Borrelli et al. presented the path track-
ing problem as a nonlinear model predictive control (MPC)
problem [9]. This controller explicitly considered tire nonlin-
earities to perform a double lane change under icy conditions.
As further explored by Falcone et al., a carefully chosen bound
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on the states and inputs ensures stability, preventing the vehicle
from spinning out by deviating from the path [10]. While this
approach does stabilize the vehicle, leaving the path in reaction
to severe road conditions could result in hitting an obstacle. The
need to go off the path to stabilize the vehicle illustrates the po-
tential dangers of a path not suited for the vehicle and situation.

The main contribution of this paper is a path tracking con-
troller that uses knowledge of the environment and the vehi-
cle’s dynamics to safely deviate from the path when necessary
to avoid spinning out or hitting an obstacle. In order to accom-
plish this, the controller constrains predicted states to a region
in the state space in which the dynamic vehicle model is stable.
This region is known as the stable handling envelope, originally
presented by Beal and Gerdes [11]. The predicted states are also
constrained to a region in the environment between the road
edges and free of obstacles, known as the environmental en-
velope. These two envelopes were first used in conjunction by
Erlien et al. as an advanced driver assistance system that shared
control with a driver [12]. The controller would give full con-
trol to the driver unless the driver’s commands would cause a
future violation of either envelope, in which case the controller
would intervene. This allowed the driver to have control of the
vehicle in most situations, with the controller only intervening
to prevent the vehicle from spinning out or colliding with an
obstacle.

This paper discusses the considerations necessary to adapt
the envelope approach to path tracking. The presented con-
troller uses MPC to plan a trajectory (a sequence of states) that
best follows the desired path while staying inside the stable han-
dling and environmental envelopes. There is a fundamental dif-
ference between an envelope controller designed for automated
vehicles and one designed for driver assistance: the controller
for the automated vehicle has precise knowledge of the desired
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path instead of simply a projection of driver intent from the
steering angle history. With the uncertainty in the driver action
removed, error in the vehicle model becomes the limiting factor
for performance. Since the controller should ideally reproduce
the planned trajectory exactly in the absence of disturbances,
the vehicle modeling must improve to take advantage of the in-
creased information about the upcoming path and its curvature.
The solution here is to employ a long prediction horizon divided
into two parts. In the first few points of the horizon, the vehicle
model discretized with short time steps provides a short term
plan that accurately captures vehicle dynamics. At later steps
in the horizon, a vehicle model discretized with a first-order
hold reduces modeling error and more accurately incorporates
future curvature information. This discretization method pro-
vides the controller with an accurate model over the prediction
horizon using few enough points to make the problem compu-
tationally feasible. The controller tracks the path in the absence
of obstacles or stability concerns; however, it is not restricted to
follow the path if the path is not safe.

The following sections of the paper describe the formula-
tion of nominal paths and the derivation of a continuous time
dynamic bicycle model. The multi-timestep prediction hori-
zon leads to a discussion of the first-order hold discretization
method. Then the optimization problem is presented, including
explanations of the vehicle handling envelope and environmen-
tal envelope. Experimental results demonstrate the efficacy of
the controller in situations in which the nominal path is unsafe
and require a deviation. The first situation is a path that has
relatively high curvature but is safe to follow, demonstrating
the path tracking ability of the controller. The second situation
is a hairpin turn too tight for the vehicle’s given speed, which
shows the controller’s ability to take action early to navigate
the corner. The third situation is a path with an obstacle in the
middle of a turn taken near the limits of handling, showing the
simultaneous consideration of stability and obstacle avoidance.

2. Nominal paths

The nominal vehicle path can be as simple as a road center-
line or be a very precise sequence of desired positions from a
higher level path planner using its understanding of the vehi-
cle’s behavior and environment. This path is then passed to the
controller as a reference to track. Nominal paths here are de-
fined in terms of the commonly used values curvature K and
arc length s [13][14]. E(s) and N(s) are defined to be the East
and North measures of the position of the path at s from a lo-
cal datum. The path’s heading ψr(s) is defined to be the angle
from North to a vector parallel to the path at s. Curvature K is
related to heading ψr and position (E,N) through the following
differential equations:

dψr

ds
= K(s) (1)

dE
ds

= cosψr (2)

dN
ds

= sinψr (3)
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Figure 1: Curvature (a), heading (b), and position (c) of a nominal path.

An example of a nominal path used in experiments is shown
in Fig. 1 (a): K against s specifies the path. Figure 1 (b) and (c),
integrated from the curvature profile with given initial condi-
tions, show the heading and position of the path implied by the
chosen curvature. Important environmental information, such
as road edges and obstacle locations and sizes are provided in
terms of s. Parsing environmental information is discussed in
Section 5.

3. Continuous-time vehicle model

The controller requires a vehicle model that can adequately
capture handling limits and loss of stability under some operat-
ing conditions. This can be accomplished using a planar bicycle
model with two velocity states and three position states as illus-
trated in Figure 2. In this controller, front steering angle δ is
the only method of actuation. Allowing longitudinal velocity
Ux to be variable in the same optimization as δ makes the prob-
lem non-convex; while it is possible to track a desired speed
profile with an external controller, the expected speed over the
prediction horizon is fixed when forming the model. For the
experiments presented here, the desired speed is constant.

The velocity states sideslip (β) and yaw rate (r) are described
by the following equations of motion (for constant speed):

β̇ =
Fy f cos(δ) + Fyr

mUx
− r ≈

Fy f + Fyr

mUx
− r (4)

ṙ =
aFy f cos(δ) − bFyr

Izz
≈

aFy f − bFyr

Izz
(5)
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Figure 2: Bicycle model schematic.

where Fy[ f ,r] is the lateral tire force of the [front, rear] axle. The
vehicle mass, m, and the distances from the center of mass to the
front and rear axles, a and b respectively, can be measured by
weighing each wheel of the vehicle. Yaw inertia, Izz, can be es-
timated from ramp steer data. Real-time measurements of β, r,
and Ux are available through a GPS/INS system, but estimates
of these parameters could also be provided by an estimator [15].

The lateral tire force, Fy[ f ,r], in (4)(5) is modeled as a func-
tion of slip angle, α[ f ,r]. The controller uses a brush tire model
developed by Fiala [16] and presented by Pacejka [17]:

Fy[ f ,r] =



−Cα tanα +
C2
α

3µFz
| tanα| tanα . . .

−
C3
α

27µ2F2
z

tan3 α, |α| < tan−1
(

3µFz
Cα

)
−µFzsgn α, otherwise

(6)

= ftire (α, Fz)

where µ is the surface coefficient of friction, Fz is the normal
force, and Cα is the tire cornering stiffness.

The parameters µ and Cα can be estimated from experimental
ramp steer data, and Fz can be estimated by using the mass of
the vehicle. If the speed profile is known to have non-zero lon-
gitudinal acceleration, the estimate of Fz can be improved by
incorporating static weight transfer or even by modeling sus-
pension dynamics. The experiments presented here use con-
stant speed and therefore calculate the constant Fz from the ge-
ometrical static weight distribution, so ftire(α, Fz) = ftire(α).

The tire slip angles α f and αr, using small angle approxima-
tions, can be expressed as:

α f = tan−1
(
β +

ar
Ux

)
− δ ≈ β +

ar
Ux
− δ (7)

αr = tan−1
(
β −

br
Ux

)
≈ β −

br
Ux

(8)

where δ is the front steer angle.
In order to properly account for the nonlinear relationship be-

tween front slip angle and front lateral force, the model consid-
ers Fy f as an input. The MPC optimization calculates a desired
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Figure 3: The brush tire model (for given Cα, µ, and Fz) linearized around
predicted ᾱ, allowing for direct consideration of rear tire saturation.

Fy f which is mapped to δ using (6) and (7):

δ = β +
ar
Ux
− f −1

tire

(
Fy f

)
(9)

where f −1
tire is computed numerically using a lookup table, which

provides fast calculation of α f given Fy f . Using Fy f as the
input instead of δ allows the controller to explicitly consider
saturation of the front tire.

The rear tire force is determined by a sequence of lineariza-
tions of (6) at predicted rear tire slip angles ᾱk

r , for k = 1, . . . ,T
over the prediction horizon. A single linearization of the tire
model is shown in Figure 3. The resulting affine expression for
Fk

yr is:

Fk
yr = −C̄k

α(αr − ᾱ
k
r ) + ftire(ᾱk

r ) (10)

where C̄k
α is the local cornering stiffness at a slip angle of ᾱk

r .
Although the exact sequence of αk

r throughout the prediction
horizon is not known a priori, it can be approximated by using
the sequence of αk

r from the last step of the controller. At each
execution step, the controller plans a sequence of states along
the prediction horizon. These planned states can be mapped to
planned slip angles using (8) for use in linearizing the rear tire
model in the next execution of the controller. In practice, this
technique of successive linearization converges within a few ex-
ecutions of the controller. The benefits of incorporating rear tire
nonlinearities in this way is further discussed by Erlien et al.
[18].

The position states in the vehicle model are specified relative
to a nominal path: heading deviation ∆ψ, lateral deviation e,
and distance s along the path. The equations of motion of the
position states can be written as:

∆ψ̇ = r − UxK(s) (11)
ė = Ux sin(∆ψ) + Uy cos(∆ψ) (12)
ṡ = Ux cos(∆ψ) − Uy sin(∆ψ) (13)

where K(s) is the curvature of the nominal path at a given s.
Making small angle approximations for β and ∆ψ yields:
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ė ≈ Ux∆ψ + Uxβ (14)
ṡ ≈ Ux − Uxβ∆ψ ≈ Ux (15)

Thus, a continuous state-space representation of the vehicle
model is expressed for each point k in the prediction horizon
k = 1, . . . ,T :

ẋ = Ak
cx + Bk

Fy f
Fy f + Bk

K Kk + dk
ᾱr (16)

where x =
[
β r ∆ψ s e

]T. The speed profile and road
curvature throughout the prediction horizon, Uk

x and Kk, are as-
sumed to be known when forming the continuous model. The
matrices Ak

c and dk
ᾱr

contain equations (4)(5)(11)(14)(15) eval-
uated at Uk

x, Kk, and the rear tire linearization parameters C̄k
α

and ftire(ᾱk
r ).

4. Discrete-time vehicle model

The continuous vehicle model described in Section 3 must
be discretized to form a discrete time model that can be im-
plemented in a MPC controller. Proper discretization enables
the controller to effectively predict vehicle behavior along the
prediction horizon.

4.1. Varying time steps
In this implementation, the sampling time (ts) is chosen to

be small enough to accurately capture the propagation of the
velocity states β and r at a high frequency. The prediction
horizon needs to be long enough to give the vehicle enough
time to react to potentially dangerous situations, and 4s is long
enough to allow this. If problem size and computation time
were not concerns, the controller would use a constant, short,
time step ts throughout the prediction horizon. However, us-
ing short time steps over a relatively long horizon can result in
many discretization points that make the problem hard to solve
in real-time. For example, for a prediction horizon length of 4s
and ts = 0.01s would require 400 discretization points.

To address this problem, short time steps tshort are used ini-
tially to accurately model vehicle stability and longer time steps
tlong are used later in the prediction horizon to efficiently extend
the preview length. The time step at the kth point into the pre-
diction horizon is:

tk
s =


tshort 1 ≤ k < Tcorr

tcorr k = Tcorr

tlong Tcorr < k ≤ T
(17)

where T is the total number of steps in the prediction horizon
and Tcorr is the number of initial time steps taken at tshort. For
this implementation, tshort = 0.01s, chosen to be small relative
to the dynamics of (4)(5), and Tcorr = 10, which are similar to
values used by Beal [11].The computation power of the exper-
imental platform limits T = 30; therefore tlong = 0.20s. The
correction step tcorr is a variable time step whose value ranges
from tshort to tlong. This ensures that points in the prediction
horizon correspond to constant points in space as described in
Section 4.2.

Obstacle
Lane boundary

(c)

(b)

Representation
of obstacle

(a)

Figure 4: The change in environmental discretization from one time step (a) to
the next (b) can cause changes in the obstacle representation. A correction time
step (c) ensures the later points in the environmental discretization correspond
to constant points.

4.2. Correction time step
One issue that can arise using long time steps in the predic-

tion horizon is the tendency for obstacle locations to appear to
change between execution steps of the controller, even if the ob-
stacles are not moving. Figure 4(a) shows the prediction hori-
zon using long time steps at one point in time. The obstacle
is expanded from its true size to meet the nearest discretization
points (which are indicated by the thin vertical lines). A short
time later, the vehicle moves into the position shown in Figure
4(b). Because the discretization of the environment has shifted,
the representation of the obstacle has also shifted. From the
controller’s perspective, the obstacle appears to move further
away. This “moving” obstacle is an artifact of the shifting pre-
diction horizon and is exacerbated by the long time steps.

To fix this, a correction time step after the short time steps
ensures the later points correspond to the same points in space,
as shown in Figure 4(c). This means that stationary obstacles
will not appear to move; moving obstacles may still “jump”
time steps, but that is to be expected as they are moving. Only
stationary obstacles are considered in this implementation. The
correction time step was first introduced by Erlien et al. [12].

4.3. Discretization
Every discretization method uses an assumption about the

behavior of the input between time steps. A common discretiza-
tion method for MPC is the zero-order hold (or Euler discretiza-
tion), which assumes the input, in this case Fy f , is held con-
stant over the time step. This matches typical commands to
lower-level controllers to hold a constant value until the next
control input is calculated. Figure 5 shows one such input se-
quence in gray. For k = 0, . . . , 9 the continuous model is dis-
cretized with the same time step as that of controller execution,
tshort, so a zero-order hold provides an accurate model; lower
level controllers will attempt to hold Fy f constant over one tshort
period. The short term model (the model for k = 0, . . . , 9)
can be discretized by considering the augmented state vector
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Figure 5: Planned inputs at the first thirteen points in the prediction horizon
compared to a typical closed loop input. A first-order hold discretization is a
better approximation of typical closed loop inputs than a zero-order hold dis-
cretization.

z = [x Fy f 1]T. The augmented state evolves according the
autonomous system: ẋ(k)

Ḟy f (k)
1̇

 =


Ak

c Bk
Fy f

dk
ᾱr

+ Bk
K K(k)

0 0 0
0 0 0


 x(k)
Fy f (k)

1

 = Gkz(k)

(18)
This system can be discretized by taking the matrix exponential
of Gktk

s

 x(k + 1)
Fy f (k + 1)

1

 = eGk tk
s z(k) =

A
k Bk

1 Bk
3

0 1 0
0 0 1


 x(k)
Fy f (k)

1

 (19)

From the second row of (19), the zero-order hold assumption
Fy f (k + 1) = Fy f (k) is verified. The first row of (19) gives the
discrete model.

x(k + 1) = Akx(k) + Bk
1Fy f (k) + Bk

3 (20)

The continuous input assumed by this discrete model is shown
in Figure 5 in green, matching a typical closed loop input, in
gray.

However, this match between the discretization assumption
and closed loop inputs does not hold for k = 10, . . . , 29. A
zero-order hold discretization for these indices would assume
the input Fy f is constant over one tlong period, shown in Figure
5 in red. This is a poor assumption because in closed-loop, the
input is only assumed to be constant over tshort seconds; over
one tlong period, Fy f can have significant variation. A zero-order
hold discretization in the long time steps effectively assumes the
steer angle will be held constant over tlong.

A better approach to the long time steps is to discretize with a
first-order hold. This assumes that inputs to the system vary lin-
early between time steps, as indicated in blue in Figure 5. The
results better approximate the system’s closed-loop behavior by
avoiding the restrictive assumption that front lateral force will
be piecewise-constant over relatively long time periods. The as-
sumption that Fy f is piecewise-linear is not an exact represen-
tation of the discrete closed-loop system, but for typical inputs
is a better fit than the zero-order hold assumption.

The first-order hold also enables accurate consideration of
road curvature in the vehicle model. Treating the curvature as
constant is a good approximation over short distances, but for
the longer distances of the long term prediction, it becomes less
accurate. In the long term, a better approximation is to assume
the path curvature varies linearly between time steps, which can
be accomplished by treating curvature as a known input and us-
ing a first-order hold. The long term model (k = 10, ..., 29)
can be discretized by considering the augmented state vec-
tor z = [x Fy f K 1 tsḞy f tsK̇ ts1̇]T. The augmented
state evolves according to the autonomous system ż = Gkz.

ẋ(k)
˙Fy f (k)
K̇(k)

1̇

t
k
s

¨Fy f (k)
tk
s K̈(k)
tk
s 1̈




=


Ak

c [Bk
Fy f

Bk
K dk

ᾱr
] 0

0 0 1/tk
sI

0 0 0





x(k)Fy f (k)
K(k)

1

t
k
s

˙Fy f (k)
tk
s K̇(k)
tk
s 1̇




(21)

This system can be discretized by taking the matrix exponential
of Gktk

s .



x(k + 1)Fy f (k + 1)
K(k + 1)

1

t
k
s

˙Fy f (k + 1)
tk
s K̇(k + 1)

tk
s 1̇




= eGk tk

s z(k) =

A
k Γk

1 Γk
2

0 I I
0 0 I





x(k)Fy f (k)
K(k)

1

t
k
s

˙Fy f (k)
tk
s K̇(k)
tk
s 1̇




(22)

From the second row of (22), Fy f (k + 1) = Fy f (k) + tsḞy f (k),
which is true if Ḟy f (k) is constant over tk

s , verifying the first-
order hold assumption. Similarly from row three, K(k + 1) =

K(k) + tk
s K̇(k), which is true if K̇(k) is constant over tk

s . The first
row of (22) gives the discrete model, after making the substitu-
tions tk

s Ḟy f (k) = Fy f (k+1)−Fy f (k) and tk
s K̇(k) = K(k+1)−K(k).

x(k + 1) = Akx(k) + (Γk
1 − Γ

k
2)

Fy f (k)
K(k)

1

 + Γk
2

Fy f (k + 1)
K(k + 1)

1

 (23)

Defining Bk
1 to be the first column of (Γk

1 − Γ
k
2), Bk

2 to be the
first column of Γ2, and lumping the remaining (constant) terms
into Bk

3, the long term discrete model can be written

x(k + 1) = Akx(k) + Bk
1Fy f (k) + Bk

2Fy f (k + 1) + Bk
3 (24)

for k = 11, ..., 29. More background on the first-order hold, or
triangle hold, can be found in [19].

Note that while the zero-order hold model is strictly causal,
the first-order hold model is not. The next state x(k+1) depends
on the next input Fy f (k + 1). This property could present prob-
lems if future inputs are unknown, but because model predictive
control calculates all inputs in the prediction horizon simulta-
neously, the model used does not need to be causal.
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Figure 6 compares planned and closed loop front lateral force
computed while tracking a nominal path in simulation. The
same path is tracked with a controller using a zero-order hold
(top) and first-order hold (bottom) in the long term prediction.
The first-order hold model is a better predictor of closed loop
behavior, and is therefore more useful in making decisions in
the present.

5. Safe driving envelopes

5.1. Stable handling envelope

The stable handling envelope is defined by the limits on ve-
hicle states β and r, shown in Figure 7. These limits reflect
the maximum capabilities of the tires, under steady state as-
sumptions and the given tire model. As shown by Beal and

Gerdes [11], the nominal vehicle dynamics (4)(5) can be sta-
bilized within the envelope. The stable handling envelope is a
control invariant set: for every state within the envelope, there
exists a steering input to keep the vehicle within the envelope.

A steady-state analysis yields bounds on the yaw rate and
sideslip that do not exceed the steady-state limits of the tires on
the road. Considering (5) in steady-state yields:

rss =
Fy f + Fyr

mUx
(25)

Assuming no longitudinal tire force results in the bounds 2

and 4 :

|rss| ≤
gµ
Ux

(26)

Another important limit when considering vehicle stability
is the saturation of the rear tires. The rear slip angle αr that
produces maximum lateral force for the given tire model is:

αr,peak = tan−1
(
3

mgµ
Cαr

a
L

)
(27)

Using this value of maximum αr and (8) results in the bounds
1 and 3 :

|βss| = αr,peak +
br
Ux

(28)

By restricting the planned vehicle states to remain in this
“safe” polyhedron, the vehicle never enters regions of the state
space that would result in a spin. This restriction can be com-
pactly represented by the linear inequality:

Hvehx(k) ≤ Gveh, k = 1, . . . , 30 (29)

While the model is stable within the envelope (a steering in-
put always exists to push the state back within the envelope), it
is not true that the vehicle becomes unstable as soon as the state
leaves the envelope. The bounds in (29) are based on steady-
state assumptions; from empirical tests, the vehicle state can be
outside the stable handling envelope and still return to the enve-
lope after a short excursion. It may be possible to find a larger
“stable” region, and further investigation is an area of active re-
search. Nevertheless, the stable handling envelope is still useful
in planning trajectories that are guaranteed to be stable.

5.2. Environmental envelope
In addition to planning stable trajectories, the controller also

ensures planned trajectories do not collide with obstacles or
other environmental bounds like road edges by using the con-
cept of the environmental envelope. Originally presented by Er-
lien [12], the environmental envelope is a convex set of points
in (s, e), called tubes, that are free of obstacles and are within
road boundaries. For each tube, a set of bounds on e defines the
safe region:

ek < ek
max −

1
2

w − ebuffer (30)

ek > ek
min +

1
2

w + ebuffer (31)
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tinuous collision-free regions in (s, e) known as tubes. One such tube is shown
in (c).

where w is the width of the car and ebuffer is the desired mini-
mum distance to an obstacle or road boundary. These inequali-
ties can be compactly expressed by a matrix inequality:

Henvx(k) ≤ Genv, k = 11, . . . , 30 (32)

Figure 8 shows the methodology to generate the environmen-
tal envelope from an arbitrary environment like the one pictured
in Figure 8a. The vehicle’s predicted s(k) along the path can be
determined from ṡ (15), the known Ux, and the sampling times
tk
s . The environment can be sampled at these discrete points

along the path to determine safe regions in e for each k that are
between road bounds and free of obstacles, shown in Figure 8b.

Constraining the vehicle’s planned e(k) to be within these
safe regions could result in a non-convex constraint on e. One
such example is the feasible e at k = 27 in Figure 8b, which con-
sists of two disjoint sets (corresponding to being left or right of
the obstacle). Instead, the vehicle’s trajectory needs to be fully
contained within a tube, defined to be a sequence of continu-
ous feasible e along the prediction horizon. One such tube is
illustrated in Figure 8c.

Each tube is considered in a separate convex optimization
problem and the globally optimal tube can be found by com-
paring objective function values of the problems corresponding
to each tube. Even though n obstacles can mean as many as 2n

tubes, normal driving scenarios have a relatively small number
of obstacles in the prediction horizon so this is not a practical
concern. Heuristics could further be used to eliminate subop-
timal tubes. The tests presented in this paper have at most one
obstacle (two tubes).

While a higher level path planner would presumably attempt
to plan safe paths that avoid obstacles, it is still necessary to

build obstacle avoidance into the controller to account for two
situations. First, if it is necessary to deviate from the path for
any reason, the controller needs to know where it can leave the
path safely. Secondly, if an obstacle is detected after the path
has been generated, the nominal path may pass through an ob-
stacle. In either case, considering the environmental envelope
and restricting states to lie within it ensures that the vehicle re-
mains collision-free.

6. Optimization

Central to the MPC controller is an optimization problem.
At each time step, the controller solves a convex optimization
problem to find an optimal sequence of front lateral force in-
puts. It maps the first of this sequence into a steer angle through
(9) and commands this steer angle to lower level controllers.
The optimization problem solved is:

min
Fy f

30∑
k=1

(xk)TQxk + (vk)TRvk + Wvehσveh + Wenvσenv (33)

subject to the vehicle model (20) (24) and:

Hvehxk ≤ Gveh + σveh ∀k (29)

Henvxk ≤ Genv + σenv k = 11, . . . , 30 (32)

Fk
y f ≤ Fmax ∀k (34)

|vk | ≤ vk
max ∀k (35)

where Fmax and vk
max are the maximum lateral force and slew

rate capabilities of the vehicle, respectively. The objective func-
tion does not penalize the magnitude of the front lateral force
directly, but rather it weighs the change in front lateral force
through the variable vk = Fk

y f − Fk−1
y f . This essentially only as-

signs cost to changes in steer angle, allowing the vehicle to hold
a constant steer angle during a turn without penalty.

The safe driving envelope constraints (29)(32) use the non-
negative slack variables σveh and σenv to ensure the optimiza-
tion problem is always feasible. The weights Wveh and Wenv
are set to be relatively large, such that the slack variable terms
dominate the cost function even if the slack variables are rela-
tively small.

For the following experiments,

Q =


0 0 0 0 0
0 0 0 0 0
0 0 1000 0 0
0 0 0 0 0
0 0 0 0 2

 , R = 10

Wveh =
(
5 5 5 5

)
, Wenv =

(
3 × 104 3 × 104

)
(36)

These weights were chosen through iteratively tuning in simu-
lation and experiment. Empirically, the optimization problem
seems to be insensitive to small changes in the weights. The
relative order of magnitude of the weights sets the preference
for satisfying the envelope constraints first, then path tracking,
then reducing changes in steering.
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Parameter Value Units
m 2009 kg
Izz 2000 kg ·m2

a 1.53 m
b 1.23 m

Cα f 1.1441 × 105 N/rad
Cαr 1.3388 × 105 N/rad
µ 0.75 n/a

Table 1: Parameters of X1

Figure 9: X1: a steer-by-wire experimental platform.

6.1. Implementation
The convexity of the optimization problem allows for effi-

cient real-time implementation. CVXGEN, developed by Mat-
tingley and Boyd [20], generates a solver that is implemented
on a single core of an i7 processor. The resulting controller is
capable of linearizing and discretizing the vehicle model, form-
ing the two envelopes, and solving the optimization problem for
two tubes in less than 10ms allowing for a controller execution
rate of 100 Hz.

7. Experimental results

7.1. Experimental vehicle
This controller was implemented on X1 (Figure 9), a student-

built research vehicle. X1 is a fully steer-by-wire, drive-by-
wire, and brake-by-wire vehicle that uses differential GPS and
INS for precise position and inertial measurements. Model pa-
rameters for X1 are given in Table 1. Experiments were per-
formed on an asphalt surface with empirically estimated fric-
tion coefficient µ = 0.75. In this implementation, the nominal
path was assumed fixed and known a priori, but in the future
the nominal path could be the output of a path planner acting
on sensor information.

7.2. Tracking
If tracking a nominal path does not require forces beyond the

capabilities of the tires, the controller should track the path as
closely as possible. Figure 10 (top) shows a nominal path with
high but feasible curvature, free of obstacles. The controller’s
planned trajectory is shown in blue, each circle representing a
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Figure 10: The spatial trajectory of the vehicle tracking a nominal path (a) and
the resulting lateral error (b). The vehicle tracks the nominal path in the absence
of obstacles or stability envelope violations.

discrete point in the prediction horizon. At the illustrated point
in time, the controller plans to track the path very closely, as in-
dicated by the blue circles on the nominal path. In closed loop,
the controller tracks the path with less than 0.2 m of lateral er-
ror, see Figure 10 (bottom), while traveling at 9 m/s and expe-
riencing a peak lateral acceleration of 0.6 g’s. This approaches,
but does not exceed, the limits of the tires.

Figure 10 shows the (close) match between the planned and
closed loop trajectories. This indicates that the planned trajec-
tory is an accurate prediction of the vehicle’s closed loop be-
havior. This consistency along the prediction horizon ensures
accuracy and usefulness of the long term prediction.

7.3. Hairpin turn

While in many situations a higher-level path planner will pro-
duce a dynamically feasible path, there may be some instances
where the nominal path cannot be followed at the given speed.
Such situations may occur due to changing environmental con-
ditions or an imperfect understanding of the vehicle capabilities
during path planning. The controller developed in this paper
offers considerable flexibility and robustness in these situations
as a result of its ability to rapidly modify the path in real time.
The following two sections demonstrate the controller flexibil-
ity and the mechanisms behind it in a couple of different sce-
narios.

The first scenario is a path with high curvature relative to
the vehicle speed, as represented by the hairpin turn shown in
Figure 11. While manageable at low speeds, the finite amount
of frictional force available means that tracking is infeasible
at higher speeds and attempting to follow the path may result
in the vehicle spinning out. In this experiment, the vehicle is
initially traveling at 10 m/s, making perfect tracking of this path
impossible under the existing friction conditions.

Along the straight leading up the hairpin, the controller plans
to track the path. As the end of the prediction horizon reaches
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Figure 11: The desired path at the given speed would violate dynamic con-
straints; the controller must deviate from the path to remain within the limits of
the handling.

the corner (Figure 11a), the planned trajectory plans both to
track the nominal path and to remain within the stable han-
dling envelope (Figure 11b). As the vehicle travels closer to
the corner (Figure 11c), it is not possible to find a trajectory
that tracks the path and stays within the stable handling enve-
lope. A deviation from the nominal path is necessary to keep
the planned trajectory safely inside the stable handling enve-
lope (Figure 11d). The vehicle “swings wide” around the tight
corner to stay within the limits of the tires and not spin out. The
controller cannot arbitrarily deviate from the path; the environ-
mental envelope provides information about where deviations
are safe. In general, the road edge at the inside corner bounds
how much the vehicle can “cut” the corner, although in this case
the environmental constraint is not active.

In Figure 11c, there is some discrepancy between the planned
and closed loop trajectories late in the prediction horizon, as
the vehicle pushes further out in the corner than planned. One
contributing factor is the immediate response of the controller
to vehicle states leaving the stable handling envelope. Figure
12 (bottom) shows the measured yaw rate during the hairpin
maneuver and the corresponding bound from (26). The steer-
ing angle in Figure 12 (top) shows the slight turn to the left
around 11s and the hard turn into the corner beginning around
12s. As the yaw rate approaches the stable handling envelope
bound (around 12.75s), however, the controller must counter
steer, reducing the steer angle to push the yaw rate back under
the upper bound and within the envelope. The re-planning na-
ture of the controller enables it to react quickly if the vehicle
behaves differently than initially planned.

A long prediction horizon is critical for allowing early action
in anticipation of the upcoming hairpin corner. An accurate dis-
crete vehicle model in the long term plan allows the controller
to discern that staying on the path through the corner is not fea-
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Figure 12: The steer angle (top) during the hairpin turn shown in Figure 11 and
the yaw rate and its bound (bottom). The controller counter-steers as the yaw
rate approaches and reaches the bound.

sible. This enables the controller to begin taking action about
four seconds before the reaching the corner.

7.4. Obstacle in turn

A second scenario where flexibility is desirable is when the
nominal path is blocked by an obstacle that suddenly appears or
comes into the sensor range of the vehicle. Figure 13 depicts a
scenario in which the nominal path is blocked, while the vehicle
is traveling at 10 m/s. As shown in Figure 13a, the controller
plans a trajectory that is closely aligned with the path and stays
within the stable handling envelope (Figure 13b). When the
end of the prediction horizon reaches the obstacle (correspond-
ing to the obstacle coming into the vehicle’s sight), the planned
trajectory shifts to avoid it. As the vehicle progresses closer to
the corner (Figure 13c), the competing objectives of returning
to the path after the obstacle by veering left and taking the cor-
ner by turning right threaten to destabilize the the vehicle (as
shown by the active stable handling constraint in Figure 13).
The stable handling envelope ensures that the vehicle safely re-
turns to the path post-obstacle.

The steering angle and yaw rate through this maneuver are
shown in Figure 14. The controller smoothly turns to the right
to avoid the obstacle, backing off as the vehicle reaches the apex
of the turn at 35s and the yaw rate reaches the stable handling
bound.

A key aspect of the controller is the simultaneous consider-
ation of obstacle avoidance and stabilization. The controller
constrains the planned trajectory to the stable handling enve-
lope even as it avoids obstacles. This can result in deviations
from the nominal path that are larger than strictly necessary to
avoid contact, but ensure the vehicle is stable while making po-
tentially aggressive maneuvers to avoid obstacles.

8. Conclusion

Situations which require deviation from a desired path
present a challenge for traditional path tracking controllers be-
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Figure 13: When an obstacle obstructs the path, the controller deviates from the
path and returns once past. Even when avoiding an obstacle, the stable handling
constraint is enforced.
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Figure 14: The steer angle (top) during the obstacle avoidance turn shown in
Figure 13 and the yaw rate and its bound (bottom). The controller smoothly
steers past the obstacle and reduces steer angle as the yaw rate reaches its bound.

cause they are not given information about where it is safe to de-
viate from the path. The controller presented in this paper uses
environmental information and a vehicle model to ensure that,
should deviations from the path be necessary to stabilize the ve-
hicle or avoid obstacles, the vehicle will deviate in a way that is
safe. Experimental results of the controller tracking a path with
very high curvature and a path through an obstacle demonstrate
the ability of the controller to simultaneously achieve stabiliza-
tion and obstacle avoidance.
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