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Abstract— As more actuators are implemented, vehicles are
becoming over-actuated and obtaining more authority to control
individual tire forces. This paper presents a method that
utilizes this abundant actuating capability to allocate tire forces
optimally with a convex optimization formulation. The basic
objective of this optimal allocation is to keep the usage of total
tire friction capability equal over the four wheels. Achieving this
goal has the advantage of preventing some tires from reaching
saturation before other tires do. This algorithm for optimal tire
force allocation can be combined with trajectory tracking near
the limits of handling to follow the desired speed, heading, and
lateral position of a vehicle. Experimental results demonstrate
the performance of the method for successful tracking of all
three desired trajectory states simultaneously while achieving
equal friction usage among the tires.

I. INTRODUCTION

The developments of actuator technology enable many
control systems to improve automobile performance. For
example, antilock braking system (ABS) and electronic sta-
bility control (ESC) are enabled by modulating brake pres-
sures or drive torques of individual wheels. More advances
are underway: brake-by-wire and steer-by-wire systems have
already been introduced to the market, and new drive systems
with in-wheel or multiple driving motors will make four-
wheel individual drive possible. As these technologies are
being applied, vehicles are gaining more actuating authority
and becoming over-actuated. In line with this trend, several
integrated chassis control approaches that coordinate multi-
ple actuators of an over-actuated vehicle have been proposed,
with the objective to enhance the vehicle’s handling and
stability. Kang et al. [1] proposed a driving controller that
regulates yaw rate and body sideslip angle while preventing
rollover by using independent front and rear drive motors
and four-wheel independent braking modules. Di Cairano et
al. [2] developed a model predictive control (MPC) scheme
that coordinates active front steering and differential braking
to improve vehicle yaw stability.

Another application of the over-actuation capability is to
allocate tire forces in ways that a vehicle with a conventional
actuation layout cannot achieve. Generally, this new tire force
allocation is obtained by optimizing a specific cost function
in terms of tire forces. Mokhiamar and Abe [3] took a
weighted sum of each wheel’s friction usage as their cost
function. Ono et al. [4], Peng and Chen [5], and Luo et al. [6]
proposed cost functions that achieve equal friction usage
among the four wheels and developed special optimization
methods to treat the non-convexity of their formulation. The
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approach presented in this paper targets the same objective-
achieving equal friction usage among the four wheels-but
formulates this as a convex optimization problem that can
easily apply to different types of actuation.

A situation that benefits considerably from keeping equal
friction usage among the four wheels is when a vehicle tracks
a trajectory near the limits of handling. In this situation, for a
conventionally-actuated vehicle, some tires reach saturation
while others still retain available friction capability. One
technique for handling trajectory tracking with multiple actu-
ators is MPC. Falcone et al. [7] and Katriniok et al. [8] used
MPC to optimize multiple actuator inputs within their phys-
ical constraints and achieve high performance in trajectory
tracking without explicitly considering tire force allocation.
While the optimal tire force allocation could be coupled
to an MPC approach, in this paper it is combined with a
simple feedforward-feedback control technique for achieving
simultaneous tracking of the desired speed, heading, and
lateral position.

The controller designed in this paper treats the trajectory
tracking problem and the optimal tire force allocation prob-
lem separately. Sec. II describes how to calculate the total
force and moment demands at and about the center of gravity
of the vehicle that are required to make the vehicle follow
a given trajectory. Sec. III explains how to distribute these
total demands to individual tire forces while achieving equal
friction usage among the four wheels with an intuitive convex
feasibility problem formulation. Sec. IV shows the conver-
sion from the tire forces to actuator commands, and Sec. V
presents experimental results demonstrating the controller’s
tracking performance for a trajectory that demands using up
to 90% of the vehicle’s maximum friction capability.

II. FORCE AND MOMENT DEMANDS FOR TRAJECTORY
TRACKING

To track a desired trajectory, specific forces and moments
should be applied to the vehicle. This section explains how
to calculate these total force and moment demands at and
about the center of gravity of the vehicle. The equations
for vehicle and tracking error dynamics are derived. Based
on the analysis of these dynamics, the total force and
moment demands are calculated by dividing them into two
components: a feedforward part and a feedback part.

A. Vehicle and tracking error dynamics

In order to describe the vehicle dynamics, a planar four-
wheel vehicle model with three states is adopted. The three
states are the vehicle’s longitudinal velocity, ux, lateral
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Fig. 1. Planar vehicle diagram on path

velocity, uy , and yaw rate, r, in the vehicle-fixed coordinate
frame. These are shown in Fig. 1, where Fxi and Fyi
are the resultant longitudinal and lateral forces at each tire
(i = fl, fr, rl, rr, while fl refers to the front left tire, etc.)

The sum of the tire forces and moments about the center of
gravity can be substituted by the total resultants and moment
about the center of gravity Fx,total, Fy,total, and Mz,total:

Fx,total = Fxfl + Fxfr + Fxrl + Fxrr

Fy,total = Fyfl + Fyfr + Fyrl + Fyrr

Mz,total = a(Fyfl + Fyfr)− b(Fyrl + Fyrr)

+ d/2(Fxfr + Fxrr)− d/2(Fxfl + Fxrl).

(1)

where a and b are the distances from the vehicle’s center
of gravity to the front and the rear axle, and d is the track
width.

With these parameters, the equations of motion are as
follows:

max = m(u̇x − ruy) = Fx,total

may = m(u̇y + rux) = Fy,total

Iz ṙ = Mz,total.

(2)

where m and Iz are the mass and the yaw inertia, respec-
tively; ax, ay and ṙ are the vehicle’s longitudinal, lateral,
and yaw accelerations, respectively.

In this paper, a desired trajectory is described by the
heading of the path, ψp, the desired speed of the vehicle
tangent to the path, V , and the desired heading of the vehicle
relative to the heading of the path, ψpv . These are defined as
functions of the path length, s, as depicted in Fig. 1. Tracking
errors are referenced to the coordinate frame normal and
tangential to the path at the minimum distance point from
the vehicle’s center of gravity. The derivative of the lateral
error, ˙̃e, the velocity error, Ṽ , and the heading error, ψ̃, are
defined by the differences between the actual vehicle states
and the desired trajectory descriptions as follows:

˙̃e = ux sin(ψ̃ + ψpv) + uy cos(ψ̃ + ψpv)

Ṽ = [ux cos(ψ̃ + ψpv)− uy sin(ψ̃ + ψpv)]− V
ψ̃ = ψact − ψdes = ψact − (ψp + ψpv)

(3)

where ψact and ψdes are the vehicle’s actual and desired yaw
angles, respectively.

The vehicle states can be described by the tracking errors
and the desired trajectory descriptions by reformulating (3):

ux = (Ṽ + V ) cos(ψ̃ + ψpv) + ˙̃e sin(ψ̃ + ψpv)

uy = −(Ṽ + V ) sin(ψ̃ + ψpv) + ˙̃e cos(ψ̃ + ψpv)

r =
˙̃
ψ + ψ̇p + ψ̇pv.

(4)

Substituting (4) into (2) and transforming Fx,total and
Fy,total in (2) into the forces in the coordinate frame normal
and tangential to the path, Ft,total and Fn,total, yields the
equations of tracking error dynamics:

m ˙̃V = −mV̇ +m ˙̃eψ̇p + Ft,total

m¨̃e = −mV ψ̇p −mṼ ψ̇p + Fn,total

Iz
¨̃
ψ = −Iz(ψ̈p + ψ̈pv) +Mz,total.

(5)

B. Feedforward and feedback demands

Ft,total, Fn,total, and Mz,total in (5) become the total
demands to control the tracking errors, and the total de-
mands are separated into feedforward and feedback force
and moment demands. The feedforward force and moment
demands are calculated with the assumption that the vehicle
exactly follows the desired trajectory. In other words, when
all tracking error terms and their derivatives in (5) are set
to zero, the remaining terms correspond to the feedforward
demands:

Ft,feedforward = mV̇

Fn,feedforward = mV ψ̇p

Mz,feedforward = Iz(ψ̈p + ψ̈pv).

(6)

The feedback force and moment demands are calculated
with the purpose of mitigating the tracking errors. Any con-
trol schemes that achieve this purpose can be applied. In this
paper, proportional and proportional-derivative controls are
used after compensating for the remaining nonlinear terms
in (5) that are not included in the feedforward demands. The
resulting equations are:

Ft,feedback = −m ˙̃eψ̇p −KspeedṼ

Fn,feedback = mṼ ψ̇p −Kd,lateral
˙̃e−Kp,lateralẽ

Mz,feedback = −Kd,heading
˙̃
ψ −Kp,headingψ̃.

(7)

C. Total demands in the vehicle-fixed coordinate frame

Adding the feedforward and feedback demands in (6) and
(7) results in the total demands in the coordinate frame
normal and tangential to the path, and these demands are
transformed back to the total demands in the vehicle-fixed
coordinate frame in (2). In the transformation, drag compen-
sation force is added to Fx,total to offset rolling resistance,
aerodynamic force, etc:

Fx,total = Ft,total cos(ψ̃ + ψpv) + Fn,total sin(ψ̃ + ψpv)

+ Fdrag

Fy,total = −Ft,total sin(ψ̃ + ψpv) + Fn,total cos(ψ̃ + ψpv)

Mz,total = Mz,total.
(8)



III. OPTIMAL TIRE FORCE ALLOCATION

This section presents the algorithm for allocating the total
force and moment demands calculated in (8) to tire forces
at each wheel. If a vehicle has full control over all actuators
(steering, drive, and braking) of an individual tire, combined
actions of these actuators can ideally generate any combina-
tion of longitudinal and lateral forces within the friction limit
at each tire. As a result, Fxi and Fyi (i = fl, fr, rl, rr) in
(1) become eight independent control variables. Because the
number of variables exceeds the number of equations in (1),
an optimization technique is adopted to determine a unique
set of tire forces among multiple solutions.

A. Requirements for optimal tire forces

The friction usage of each wheel is defined as the ratio
of actual tire force usage to maximum available friction
capability. This quantity is described by the variable ki for
each tire as follows:

ki =

√
Fxi

2 + Fyi
2

µFzi
(i = fl, fr, rl, rr) (9)

where µ is the effective friction coefficient and Fzi is the
normal force of a tire.

For a given total force and moment demand, different
solutions to (1) result in different combinations of the friction
usage over the four wheels. To prevent some of the tires from
using their friction capability more than the other tires, the
optimal approach is to utilize the available friction capability
of each tire evenly by keeping the friction usage of all tires
equal. At the same time, keeping that common friction usage
as low as possible is required to avoid saturation of tire forces
as much as possible. Therefore, the requirement for a set of
optimal tire forces is to have the minimum common friction
usage, kmin, over the four wheels.

A simulation with the parameters from the X1 research
vehicle, shown in Fig. 3, demonstrates the benefit of this
approach. Fig. 2 illustrates the resulting friction usage at
steady-state cornering for a conventional front-wheel steering
(FWS) layout and an optimized four-wheel steering (4WS)
layout using the algorithm explained in the rest of the section.
For the same total force demands, the inner tires of the 4WS
layout retain available friction capability while the inner tires
of the FWS layout are close to saturation.

B. Weight transfer

When a vehicle operates near the limits of handling, the
normal forces are significantly affected by weight transfer. It
is, therefore, important to consider the effect of the weight
transfer on the normal forces in (9).

With the assumption that the vehicle is a rigid body along
the longitudinal direction, the normal loads of the front and
rear axles are described as follows:

Fzf = m

(
bg − hcgax

L

)
Fzr = m

(
ag + hcgax

L

) (10)
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Fig. 2. Friction usage comparison between two different actuation layouts:
(a) front-wheel steering and rear-wheel drive, (b) four-wheel steering and
rear-wheel drive

where hcg is the vertical distance from the center of gravity
of the vehicle to the ground, and L is the sum of a and b.

The equations for lateral weight transfer are derived from
the analysis using a static roll model that considers the ve-
hicle’s suspension characteristics. The amount of the lateral
weight transfer on each axle is derived as follows:

∆Fzf = 1
d{kφfφ+ hf (Fyfl + Fyfr)}

∆Fzr = 1
d{kφrφ+ hr(Fyrl + Fyrr)}

(11)

where kφf and kφr are the roll stiffness of the front and rear
axles, respectively; φ is the static roll angle; hf and hr are
the heights of the front and rear roll centers from the ground,
respectively.

Finally, the normal force of each wheel is described with
the derived terms in (10) and (11):

Fzfl = Fzf/2−∆Fzf

Fzfr = Fzf/2 + ∆Fzf

Fzrl = Fzr/2−∆Fzr

Fzrr = Fzr/2 + ∆Fzr.

(12)

C. Finding minimum common friction usage

If the value of the minimum common friction usage, kmin,
is known, a set of tire forces corresponding to that kmin
satisfies (1) and the following equation:√

Fxi
2 + Fyi

2 = kminµFzi (i = fl, fr, rl, rr) (13)

where µ is assumed to be known and Fzi is from (12).
Because kmin in (13) is assumed to be the smallest

common friction usage, any common friction usage smaller
than this value does not produce a feasible solution to (1) and
(13). It is, therefore, possible to formulate an optimization
feasibility problem that checks whether a specific common
friction usage k0 results in a feasible solution to both (1) and



(13):

find {(Fxi, Fyi) | i = fl, fr, lr, rr}

subject to
√
Fxi

2 + Fyi
2 ≤ k0µFzi∑

i
Fxi = Fx,total∑
i
Fyi = Fy,total∑
i
Mzi = Mz,total (i = fl, fr, rl, rr).

(14)

The inequality constraints are convex, and the equality
constraints are affine. Accordingly, (14) becomes a convex
feasibility problem. If the problem is feasible for a given
k0, there exists a set of tire forces that makes all constraints
consistent. However, if the problem is infeasible, no set of
tire forces satisfies all the constraints in (14) with a given k0.
Because the friction usage of a single tire has a value between
0 and 1, the value of the common friction usage also exists
in [0,1] and the minimum common friction usage can be
found by solving a quasiconvex optimization. The algorithm
to solve a quasiconvex optimization via the bisection method
is as follows:

Algorithm 1 Quasiconvex optimization via bisection method
given khigh = 1, klow = 0, tolerance ktol > 0
repeat

1. k0 = (khigh + klow)/2
2. Solve a convex feasibility problem
3. if the problem is feasible, khigh = k0; else klow = k0

until khigh − klow ≤ ktol

Once Algorithm 1 with the convex feasibility problem in
(14) stops at a specific k0, that k0 is the minimum common
friction usage. The values of tire forces corresponding to
kmin are a set of optimal tire forces that satisfies the
requirements in Sec. III-A.

D. Considering actuator limits

Actually implementing all three actuators at all four
wheels is technically challenging, and any limits on actuation
at a tire restrict feasible tire forces to a certain range. The
physical restriction on some tire forces can be reflected in
a mathematical formulation by adding additional equality
or inequality constraints for individual tire forces to the
existing convex feasibility problem (14). For a rear-wheel
drive vehicle, the lack of positive longitudinal tire forces on
the front axle is expressed by the inequality constraints on
the front longitudinal tire force variables, and the resulting

convex feasibility problem has the following form:

find {(Fxi, Fyi) | i = fl, fr, lr, rr}

subject to
√
Fxi

2 + Fyi
2 ≤ k0µFzi∑

i
Fxi = Fx,total∑
i
Fyi = Fy,total∑
i
Mzi = Mz,total (i = fl, fr, rl, rr)

Fxfl ≤ 0

Fxfr ≤ 0.

(15)

Adding constraints on some tire forces creates the situation
that some tires must use more of their friction capability than
other tires: the rear tires become the most-used tires while the
rear-wheel-drive vehicle accelerates along a straight line. If
(15) is used as a convex feasibility problem in Algorithm 1,
the algorithm still gives the minimum feasible friction usage.
For specific total force and moment demands, however, the
resulting k0 is now no longer common for the four tires
but valid only for the most-used tires. Mathematically, this
implies that only the friction limit inequality constraints of
the most-used tires become active. Because no set of tire
forces can achieve a smaller friction usage for the most-
used tires than the resulting k0, the tire forces corresponding
to that k0 can be regarded as the unique and final solution
that makes the most-used tires achieve the minimum feasible
friction usage. For the less-used tires, whose friction usage
is smaller than the k0, and whose friction limit inequality
constraints are not active, however, there still could be several
sets of tire forces that satisfy all the other constraints.

Among those possible sets of tire forces, the optimal set
for the less-used tires can be chosen by applying the basic
principle of the original requirements for the optimal tire
forces over the four wheels to the less-used tires: keeping
the friction usage of the less-used tires equal. This new
requirement for the optimal tire forces can be realized by
running Algorithm 1 again while the only variables in (15)
are the tire forces of the less-used tires, and the tire forces
of the most-used tires determined from the first run of
Algorithm 1 become constants. To execute this consecutive
run automatically, Algorithm 2 is provided:

Algorithm 2 Successive quasiconvex optimization
given S = {i | i = fl, fr, rl, rr},
repeat

1. solve Algorithm 1 for {(Fxi, Fyi) | i ∈ S}
2. calculate ki in (9) for i ∈ S
3. S = {i | ki < k0}

until S = ∅

IV. ACTUATOR COMMANDS

This section explains how to convert the desired lon-
gitudinal and lateral forces at each tire found in Sec. III
into commands for the three actuators (steering, drive, and
braking) by relating them through a tire model.



A. Coupled brush tire model

The model adopted in this paper is a modified version of
Pacejka’s combined slip brush tire model [9]. For a given tire
slip angle α and a longitudinal slip κ, the weighted vector
norm of the theoretical slip quantities f is defined as follows:

f =

√
Cx

2

(
κ

1 + κ

)2

+ Cα
2

(
tanα

1 + κ

)2

(16)

where Cx and Cα are the longitudinal and lateral tire
stiffnesses, respectively.

The magnitude of the total force on the tire F is given as
follows:

F =

{
f − 1

3µFz
f2 + 1

27µ2F 2
z
f3, f ≤ 3µFz

µFz, f > 3µFz
(17)

The total force F is projected into longitudinal and lateral
components Fx and Fy according to the ratio of the slip
quantities.

(Fx, Fy) =

Cx
(

κ
1+κ

)
f

F,
−Cα

(
tanα
1+κ

)
f

F

 (18)

B. Steering angle, driving torque, and brake pressure

If Fx, Fy and Fz of a tire are given from the optimization
in Sec. III, the corresponding tire slip angle α and the longi-
tudinal slip κ can be calculated by inverting the tire model.
To achieve the desired tire slip angles at each wheel, steering
angle commands are determined using vehicle kinematics.
For example, the steering command for the front-left wheel
is as follows:

δfl = tan−1

(
uy+ar

ux−
d
2 r

)
− αfl. (19)

Longitudinal slip can be controlled by torque applied to a
tire and governed by the wheel slip dynamics. In this paper,
however, the wheel slip dynamics are ignored, and a static
relationship is assumed between the longitudinal tire force
and driving or braking torque. This is reasonable since the
optimization only produces feasible longitudinal forces. Then
driving torque and brake pressure commands are given as
follows:

τdrive =

{
RwFx, Fx > 0

0, Fx ≤ 0
(20)

Pbrake =

{
0, Fx ≥ 0
RwFx

rbrake
, Fx < 0

(21)

where Rw is the wheel effective radius and rbrake is the
mapping from brake pressure to brake torque.

V. EXPERIMENTS

We experimentally validated the controller with the op-
timal tire force allocation using the X1 research vehicle.
The vehicle has four-wheel independent steering and braking
capabilities and one electric driving motor connected to the
rear axle through a open differential. The mass and the

Fig. 3. The X1 research vehicle
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yaw inertia of the vehicle are 2009 kg and 2000 kg m2,
respectively.

The task chosen for validating the controller was to track a
racing line close to the limits of handling. Because the task
demands a continuously-changing set of large total forces
and moment, it requires all four tires to stay in the nonlinear
region and all three actuators at each wheel to be fully
engaged and to cooperate.

A. Trajectory description

Path and speed profile generation for the test follows the
methodology proposed by Kritayakirana and Gerdes [10].
The path is structured from three types of segments: a
straight line, a constant radius curve and a transition curve
that connects the straight line and the constant radius curve.
Defining the path gives the heading of the path ψp.

The speed profile V can be obtained by integrating the
acceleration profile along the path length. The acceleration
profile was designed so that X1 stays at 90 % of the vehicle’s
maximum acceleration, which is µg and µ was estimated to
be 0.85 using the algorithm developed by Hsu et al. [11].
The maximum positive longitudinal acceleration, however,
was limited to 1.8 m/s2 due to the limit on the X1’s driving
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motor torque. The path and the speed profile of the desired
trajectory, which has two consecutive turns, are shown in
Fig. 4.

The desired relative heading of the vehicle, ψpv , was
set to zero in this paper. The optimization in Sec. III was
replaced by interpolation using the mapping from a set of
total demands to tire forces, which is calculated off-line by
CVX, a package for specifying and solving convex programs
[12]. During the entire maneuver, X1 operated autonomously.

B. Results

Fig. 5a depicts the tracking errors for the entire path.
The controller demonstrated its capability to follow all three
tracking objectives by achieving very small errors: the lateral
and speed errors were kept within ± 0.2 m and [-0.6 0] m/s,
respectively, and the heading error did not exceed 0.02 rad
(≈1.15 ◦). While there exist unmodeled dynamics and no
guarantee that the actuators can apply the desired commands
exactly, the small tracking errors suggest the impact of these
adverse properties is small and easily handled with feedback.
This experimentally supports the basic trajectory tracking
approach with a simple feedforward-feedback structure.

Fig. 5b illustrates the friction usage at each of the four
wheels. Because actual tire forces were not directly measured
in this test, the values of the friction usage were calculated
from the commanded tire forces. Up to the constant radius
curve (the path segments a, b, and c), all four tires showed

almost equal friction usage. During the corner exit (the path
segments d and e), which demands high positive longitudinal
acceleration, however, the rear wheels had higher friction
usage than the front wheels because X1 can generate positive
longitudinal force only at the rear axle. Even in this situation,
the tires on the rear axle showed similar friction usage as did
the less-used front tires. This is the result that is precisely
intended by the optimization in Sec. III.

VI. CONCLUSIONS

The problem of optimal tire force allocation can be for-
mulated as a convex optimization problem and coupled to a
simple algorithm for trajectory tracking. Experimental results
demonstrate that high performance in trajectory tracking can
be achieved while optimally allocating the friction usage of
the four wheels on a flat surface. Future work focuses on
tracking a 3D path geometry.
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