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Abstract— Low friction surfaces such as ice are challenging
for drivers to navigate safely because the limited tire force
capability drastically alters the vehicle dynamics compared
to dry roads. Experiments on real or emulated low friction
surfaces are important for testing control systems, under-
standing driver-vehicle interactions, and training drivers. As
a way of enabling these experiments with the added flexibility
of a tunable friction coefficient, this paper presents a force-
based approach to emulating the lateral dynamics of a vehicle
on a low friction surface using four-wheel steer-by-wire. The
steer angle commands are computed with a combination of
feedforward and state feedback, and the controller explicitly
handles rear wheel actuator limitations. Experimental results
from an asphalt surface confirm this controller successfully
tracks the lateral dynamics of the low friction reference model.

I. INTRODUCTION

In most driving situations, vehicles operate far from the
physical limits of the tires and respond predictably and
linearly to driver commands. Low friction surfaces such as
icy roads create a challenging environment for drivers to
navigate, because they change the handling limits of the
vehicle and its response to driver commands in an unfamiliar
and nonlinear manner. Drivers in this type of situation
struggle to judge the grip of the tires, and therefore have
difficulty responding appropriately to the road conditions, as
discussed by Förster [1].

Envelope control schemes, such as those developed by
Beal and Gerdes [2] and Bobier and Gerdes [3], and Elec-
tronic Stability Control systems [4] have been developed
to help drivers stabilize vehicles in situations where they
reach the handling limits. Since the vehicle dynamics depend
on the surface friction, validation of these systems requires
low friction surfaces. In addition, when developing driver
assistance and safety systems, it is important to understand
the interaction between the driver and the vehicle. It is
therefore useful to evaluate how drivers respond to low
friction conditions.

The simplest way to perform these types of experiments
is to drive on a wet or icy surface, which truly has low
friction. This is the approach taken by Falcone et. al. [5] in
their design of active front steering control for autonomous
vehicle path tracking, as well as Gao et. al. [6] in their
work on obstacle avoidance for semi-autonomous vehicles.
Another possibility is to make the vehicle handle as if it were
on a low friction surface, while actually driving on a high
friction surface such as dry asphalt. This is the idea behind
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the commercially available SKIDCAR driver training system,
which supports most of the vehicle’s weight on a frame with
free-castering wheels to reduce the normal forces on the tires.
This causes the tires to quickly reach their handling limits
on a high friction surface and allows drivers to experience
these limits without being on a true low friction surface.

Another way to enable these experiments is to use four-
wheel steer-by-wire to emulate the dynamics of a vehicle
on a low friction surface. Front steer-by-wire has been used
previously to change vehicle handling characteristics by Yih
and Gerdes [7], who combined full state feedback and the
driver’s steering command to change the effective front
cornering stiffness of the vehicle, and by Yamaguchi and
Murakami [8], who extended this approach to include vehicle
parameter estimation. Adding rear steer-by-wire expands the
possibilities for vehicle handling modification beyond front
cornering stiffness modification. In particular, the vehicle
can emulate low friction dynamics for a range of friction
coefficients, rather than being limited to the conditions of
one specific road surface. Although the vehicle is emulat-
ing nonlinear dynamics, it is operating on a high friction
surface and is far from its handling limits. This means that
experiments can be carried out while maintaining the ability
to brake if needed for safety. This is in contrast to a true
low friction surface, where the vehicle may actually be at its
limits and unable to safely stop.

This paper demonstrates a method for using four-wheel
steer-by-wire to emulate the lateral dynamics of a vehicle
on a low friction surface. This approach can be useful for
testing control systems, studying human-vehicle interaction
near the limits of handling, and training drivers to respond
appropriately to changing conditions. The low friction em-
ulation controller is designed to track the lateral dynamics
of a low friction reference model by exploiting knowledge
of the nonlinear tire forces. Simulation and experimental
results confirm the controller successfully reproduces the
lateral dynamics of the reference model, and emulates being
near the limits of handling.

II. CONTROLLER OVERVIEW

The goal of the low friction emulation controller is to
make a vehicle on a high friction surface have the same
lateral dynamics as if it were on a low friction surface.
This is accomplished by developing a reference model of
the low friction lateral dynamics of a front-wheel steering
vehicle, then designing a controller to track these desired
dynamics. This section provides a brief introduction to the
control scheme, which is depicted in the block diagram
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Fig. 1. Block diagram for the low friction emulation control scheme.

in Fig. 1. In the first block, the reference model lateral
dynamics are simulated using a planar bicycle model. The
inputs to this model are the vehicle speed Vx and the driver’s
desired front steer angle δdriver, which is computed from
the steering wheel angle divided by the steering ratio. The
model generates the reference sideslip angle β̃, yaw rate r̃,
and front and rear lateral tire forces F̃yf and F̃yr, which
are later used by the controller. A key requirement of the
reference model is capturing the nonlinear behavior of the
tires, which reflects the limited force capability on the low
friction surface. The particular tire model chosen for this
work meets this requirement with only two parameters, the
cornering stiffness and one friction coefficient; it would be
a minor change to instead use a more complex model, for
example with two friction coefficients to allow a clear peak
in the tire force curve.

Using the reference model dynamics, the controller com-
putes the necessary front and rear steer angle commands
to apply to the vehicle to achieve the same dynamics on
the actual, high friction surface. Since tire forces determine
the evolution of vehicle dynamics, the problem of tracking
the reference model dynamics can be framed as generating
appropriate tire forces on the experimental vehicle. The
controller uses the reference model tire forces to generate
feedforward steer angle commands that result in approxi-
mately the same tire forces on the experimental vehicle. To
ensure tracking of the reference dynamics in the presence
of modeling uncertainty and disturbances, the total steer
angle commands δf and δr include full state feedback terms.
The steer angle commands are applied to the experimental
vehicle, and the process repeats at each execution step of the
controller.

Although it would be possible to approach this problem
using only feedback, this force-based feedforward-feedback
approach is advantageous in the way it affects unmodeled
dynamics including vehicle body roll. Like the lateral dy-
namics, roll dynamics are also determined by tire forces. If
the tire forces of the experimental vehicle and the reference
model are the same, in addition to having the same lateral
dynamics, they will have very similar roll dynamics.

III. VEHICLE DYNAMICS AND TIRE FORCE MODELS

The lateral dynamics of both the low friction reference
model and the high friction experimental vehicle are modeled
with the two-state planar bicycle model depicted in Fig. 2.
The linearized equations of motion for sideslip β and yaw
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Fig. 2. The planar bicycle model with four-wheel steering.

rate r are functions of the front and rear lateral tire forces
Fyf and Fyr, where m is the mass, Iz is the yaw moment of
inertia, a and b are the distances from the center of gravity
to the front and rear axles, respectively, and Vx is the vehicle
speed, assumed constant.

β̇ =
Fyf + Fyr
mVx

− r ṙ =
aFyf − bFyr

Iz
(1)

For the low friction reference model, lateral tire force
is modeled using the nonlinear Fiala brush tire model,
assuming a single coefficient of friction and a parabolic force
distribution, as formulated by Pacejka [9]. In this model, the
lateral tire forces F̃yf and F̃yr are functions of the front and
rear tire slip angles α̃f and α̃r,

F̃y =


−Cα tan α̃+

C2
α

3µFz
| tan α̃| tan α̃

− C3
α

27µ2F 2
z
tan3 α̃, |α̃| < α̃sl

−µFzsgn α̃, |α̃| ≥ α̃sl

(2)

α̃f = arctan

(
β̃ +

ar̃

Vx

)
− δdriver (3)

α̃r = arctan

(
β̃ − br̃

Vx

)
(4)

α̃sl = arctan

(
3µFz
Cα

)
(5)

Fzf =
mgb

a+ b
Fzr =

mga

a+ b
(6)

where Cα is the cornering stiffness, µ is the tire-road friction
coefficient, g is the gravitational constant, α̃sl is the tire slip
angle corresponding to full sliding, and Fzf and Fzr are the
front and rear tire static normal loads.

For the high friction experimental vehicle, both the tire slip
angles and the lateral tire forces are modeled as linear. The
maximum lateral tire forces will be the friction limit for the
reference model, or F̃y,max = µFz . Since the experimental
vehicle is on a dry asphalt surface with a friction coefficient
of about 0.9, the lateral forces will be much less than the
maximum capability of the vehicle, so the linear tire model
is appropriate.

αf = β +
ar

Vx
− δf αr = β − br

Vx
− δr (7)

Fyf = −Cαfαf Fyr = −Cαrαr (8)
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Fig. 3. Force matching. The reference model tire force F̃y is computed
from the model tire slip angle α̃ using the nonlinear tire model in (2). This
force is used to calculate the desired tire slip angle α of the high friction
experimental vehicle.

The steer angles δf and δr come from the controller block,
and the driver’s desired steer angle δdriver impacts the
experimental vehicle dynamics only through the reference
model dynamics.

IV. CONTROLLER DETAILS

A. Nominal Controller

Given the lateral dynamics and tire forces of the reference
model, the controller uses feedforward steer angle commands
to match the reference model tire forces, and feedback steer
angle commands to track the reference sideslip and yaw rate.
The force-matching step is depicted in Fig. 3, which shows
the lateral force versus slip angle for the experimental vehicle
(µ = 0.9) and the reference model (µ = 0.3). The reference
model and the experimental vehicle have the same lateral
force F̃y , but this force occurs at different slip angles α
and α̃. For this example, F̃y is near the maximum possible
lateral force for the reference model, but well within the
linear regime of the tire force curve for the experimental
vehicle. Therefore, the linear slip angle and tire force models
in (7) and (8) are used to compute the necessary feedforward
steer angles δf,FFW and δr,FFW to achieve the desired tire
forces.

δf,FFW = −αf + β̃ +
ar̃

Vx
=
F̃yf
Cαf

+ β̃ +
ar̃

Vx
(9a)

δr,FFW = −αr + β̃ − br̃

Vx
=
F̃yr
Cαr

+ β̃ − br̃

Vx
(9b)

To compensate for errors from disturbances, parameter
uncertainty, and unmodeled effects, state feedback is used
to ensure tracking of the lateral dynamic states β and r.
This results in additional steer angle terms δf,FB and δr,FB .

δf,FB = Kβf (β̃ − β) +Krf (r̃ − r) (10a)

δr,FB = Kβr(β̃ − β) +Krr(r̃ − r) (10b)

The feedback gains Kβf , Kβr, Krf and Krr were initially
computed from pole placement with natural frequency 8Hz,

damping ratio 1, and nominal vehicle speed Vx = 8m/s,
then tuned experimentally to ensure good performance in
the combined feedback system including the steer-by-wire
system. The gains used for this paper are Kβf = 0.1312,
Kβr = 0.16949, Krf = 0.01193, and Krr = −0.01361.

The total steer angle commands are given by

δf =
F̃yf
Cαf

+ β̃ +
ar̃

Vx
+Kβf (β̃ − β) +Krf (r̃ − r) (11a)

δr =
F̃yr
Cαr

+ β̃ − br̃

Vx
+Kβr(β̃ − β) +Krr(r̃ − r) (11b)

where the total steer angles are a summation of the feedfor-
ward and feedback steer angles.

B. Actuator Limitations

The low friction emulation controller developed above
works well for tracking the lateral dynamics of the reference
model in simulation. However, the steer angles of a real
vehicle are limited by actuator constraints, so in some cases
the steer angle commands developed in (11) will be saturated,
and therefore it will be impossible to generate the desired
lateral tire forces.

The steer angle limits typically become problematic when
the reference model sideslip β̃ becomes large. This occurs
when the rear tire force of the reference model is saturated
at its maximum value F̃yr,max = µFzr. The maximum
achievable sideslip angle is related to the maximum rear
steer angle, so the rear wheels reach their steering limit
before the front wheels. When the rear steer angles saturate,
they lose the ability to generate additional lateral tire force,
leaving only the front steering capable of changing the lateral
dynamics of the vehicle.

When rear wheel saturation occurs, it is important to
ensure that the vehicle continues to behave in a way that
is intuitive to the driver, and preferably feels as much like a
low friction response as possible. Since there is now only one
actuator, it is only possible to directly control one state of the
vehicle, and a new control objective must be chosen. In this
work, when the rear wheels saturate, the controller objective
is to track the reference model yaw rate. This choice allows
the vehicle to continue turning the same direction with the
same yaw rate as it did before the rear angle saturated. Since
the achievable sideslip angle is fundamentally limited by the
maximum wheel angle limits, it would be impossible to track
unbounded sideslip in any case.

This new objective fits nicely into the control structure
used for the nominal controller, with feedforward and feed-
back components to the front steer angle command. The
actual rear lateral tire force Fyr is approximated with the
linear tire force model (8), which results in the following
expression when the rear wheels are at their actuation limits.

Fyr = −Cαrαr = −Cαr
(
β − br

Vx
− (±δr,max)

)
(12)

In the nominal controller, the feedforward steer angles are
calculated from the reference model tire forces. In the rear
wheel saturation case, the feedforward front steer angle is



still calculated from a desired tire force, but rather than
directly coming from the reference model, this desired force
is found by equating the yaw dynamics of the reference
model ˙̃r and the experimental vehicle ṙ from (1), including
the actual rear lateral force found in (12).

Fyf,des = F̃yf −
b

a
F̃yr +

b

a
Fyr (13)

δf,FFW =
Fyf,des
Cαf

+ β +
ar̃

Vx
(14)

The kinematic relationship in (14) is formulated in terms
of β instead of β̃, which allows the controller to meet its
objective of tracking yaw rate while leaving sideslip to evolve
uncontrolled. State feedback is still needed to compensate
unmodeled effects, and now consists of a single gain on yaw
rate error.

δf,FB = Krf (r̃ − r) (15)

The total front steer angle command is the sum of the
feedforward and feedback terms derived above, and the rear
steer angle is the maximum value allowed by the actuator
limitation.

δf =
Fyf,des
Cαf

+ β +
ar̃

Vx
+Krf (r̃ − r) (16a)

δr = ±δr,max (16b)

Fig. 4 demonstrates the performance of the controller in
simulation. The driver commands a 10◦ slalom for the first
8 seconds, then holds the steering wheel at 10◦. During
the first 14 seconds, the experimental vehicle tracks both
the sideslip and the yaw rate of the reference model. After
this, the rear wheels reach their actuation limit, and the
controller continues to track yaw rate but allows sideslip to
deviate. The reference model tire forces are saturated several
times during the maneuver, but the sideslip only grows large
after the forces have been saturated for several seconds.
The simulation results give promise that in experiment the
controller will track the reference sideslip and yaw rate
whenever the rear wheels are within their actuation limits,
and will otherwise successfully track the reference yaw rate.

V. EXPERIMENTAL RESULTS

The low friction emulation controller is demonstrated
experimentally using the X1 research vehicle, pictured in
Fig. 5. X1 is an electric vehicle designed and built by
students at Stanford University. It is equipped with a four-
wheel independent steer-by-wire system for lateral control,
and drive-by-wire and four-wheel independent brake-by-
wire for longitudinal control. Vehicle sideslip, yaw rate, and
longitudinal speed are measured using a NovAtel SPAN-SE
system that uses tight integration of an IMU and GNSS. The
physical parameters used to model the vehicle are listed in
Table I.

The vehicle’s on-board computer, a dSPACE MicroAuto-
Box II, is used for both vehicle control and simulation of
the reference model in real-time. The reference model uses
the same physical parameters as the experimental vehicle,
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Fig. 4. Simulated ramp steer maneuver with reference model friction µ =
0.3 and longitudinal speed Vx = 10m/s: (a) steer angles, (b) sideslip angle,
(c) yaw rate, and (d) reference model lateral tire forces.

TABLE I
VEHICLE PARAMETERS

Parameter Symbol Value Units
Mass m 1973 kg
Yaw moment of inertia Iz 2000 kg ·m2

Distance from CG to front axle a 1.55 m
Distance from CG to rear axle b 1.21 m
Front cornering stiffness Cαf 140 kN/rad
Rear cornering stiffness Cαr 170 kN/rad
Maximum front steer angle δf,max 18 deg
Maximum rear steer angle δr,max 14 deg



Fig. 5. X1 research testbed, equipped with four-wheel steer-by-wire.

except the cornering stiffnesses Cαf and Cαr are reduced to
reflect the characteristic of the reference low friction surface.
The friction coefficient µ can be changed on-the-fly to allow
emulation of different surfaces, although all results presented
here use µ = 0.3 for consistency.

The experiments for this paper took place at Thunderhill
Raceway Park in Willows, CA. The testing surface is an
asphalt skidpad with a friction coefficient µ of about 0.9 and
an average grade of about 2.5◦.

Fig. 6 is an experimental slalom maneuver that demon-
strates the dynamic capabilities of the controller at moderate
excitation of the reference model. The reference lateral tire
forces approach their limits, but do not saturate. The rear
steer angle stays below the actuator limit throughout, which
means that the nominal controller (11) is always active. The
experimental vehicle successfully tracks both the reference
sideslip and yaw rate during the entire maneuver, even in the
presence of variable longitudinal speed.

The maneuver shown in Fig. 7 is more dramatic because
the driver holds the steering wheel at large angles for longer
periods of time. In the early part of the maneuver, the
dynamics look similar to the previous maneuver. At about
t = 16s, the driver steers hard to the right and holds the
steering wheel for several seconds. This causes both the
front and rear reference lateral tire forces to saturate, and
as a result the sideslip starts to grow rapidly, indicating that
a spin is imminent. The driver then countersteers at about
t = 20s to recover. Although the dynamics of the maneuver
are dramatic, the experimental vehicle tracks the reference
vehicle sideslip and yaw rate well throughout, excepting the
periods when the rear wheels reach their actuation limits,
resulting in uncontrolled sideslip.

These experiments validate the effectiveness of the force-
based feedforward-feedback control structure in tracking
a low friction reference model. They show that the low
friction emulation controller can track the reference model
sideslip and yaw rate nearly to the reference model’s force
limits. Yaw rate is tracked when the reference model is at
its limits, and the sideslip could be tracked further if the
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Fig. 6. Experimental maneuver on asphalt: (a) steer angles, (b) sideslip
angle, (c) yaw rate, (d) reference model lateral tire forces and (e) longitu-
dinal speed. The reference model has µ = 0.3. Since the steer angles stay
within the actuator limits, yaw rate and sideslip are both tracked throughout
the maneuver.

test vehicle had additional rear steering capability. Using
simple dynamics and tire models, this controller convincingly
reproduces the lateral dynamics of a vehicle on a low friction
surface.
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Fig. 7. Experimental maneuver on asphalt: (a) steer angles, (b) sideslip an-
gle, (c) yaw rate, (d) reference model lateral tire forces and (e) longitudinal
speed. The reference model has µ = 0.3.

VI. CONCLUSION

Using four-wheel steer-by-wire to emulate the lateral dy-
namics of a vehicle on a low friction surface is feasible with
a force-based control approach. Furthermore, this approach
should accurately reproduce unmodeled roll dynamics, since
the tire forces are the same as those in the reference model.

The control structure described in this paper is readily
extensible to a more complex scheme that includes longitu-
dinal modeling and control. Since the controller is formulated
directly using a nonlinear lateral tire model, this model
can be modified to include the reduction in lateral force
capability that occurs during braking and acceleration. The
model can be further expanded to include a fully coupled
lateral-longitudinal tire model and longitudinal dynamics.
As the next step in the development of this controller, the
drive-by-wire and brake-by-wire capabilities of X1 will be
used to add longitudinal control to make the low friction
emulation even more realistic. Finally, the controller will
enable experiments to evaluate driver response to low friction
conditions.
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