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ABSTRACT keeping assistance is as a virtual modification to the enefgy

Lanekeeping assistance systems hold the promise to savethe vehicle. The system considered here virtually placevé¢h
thousands of lives every year by preventing unintendeddane hicle in a potential well, centered on the middle of the |afiee
parture. The potential field lanekeeping assistance system steering angle of the vehicle is modified to recreate theeeéie
sists the driver in the lanekeeping task by effectivelyiptathe driving in this virtual valley, and this gently nudges thehigie
vehicle in an artificial potential well with minimum at lanerc back towards lane center. This controller is similar to gopre
ter. Previous work mathematically guarantees the perfaroea tional plus derivative controller tracking lane center.e\Rous
of the system in the linear region of tire forces, but no gmara  results have shown both analytically and experimentaliy this

tees of performance or even stability exist for saturatingst lanekeeping assistance system can be guaranteed to keap the
These guarantees are crucial to ensure safety when thelgehic hicle in the lane without driver input, and initial qualiis ex-
speed is too high for a given turn or the friction coefficiefitree perimental results suggest it does work well with the driver

road is low due to surface conditions. Here we explore ways to For a system designed to keep the vehicle in the lane, a guar-
numerically find Lyapunov functions for a vehicle with lages- antee of lanekeeping performance is a necessity to endetg.sa
ing assistance and realistic tires. First the nonlinearigymod- Previous work has bounded the motion of the vehicle using a
eled as a sector bounded disturbance, and a Lyapunov functio quadratic Lyapunov function. This bound ensures statifithe

is found for all vehicle trajectories that fit this sector buled system, and is also used to choose controller gains for goamh

disturbance. Next, a polynomial fit is performed on the H8RIt  conditions. These bounding results rely on a linear tire ehod
model, and a Lyapunov function is found for these polynomial hich is valid for low levels of tire force. It is imperativhat the
dynamics. Each of these approaches provide Lyapunov@mscti  performance of the system be guaranteed for the largesbposs
valid well into the nonlinear region. range of vehicle dynamics, including when the tires begiseio
urate. Nonlinear tire forces could be encountered for a resmb
of reasons, including when the speed of the vehicle is toatgre
INTRODUCTION for a given turn, or when the driver steers inappropriatélyis

Lanekeeping assistance systems hold the promise 0 saveg, cessive speed could be from the driver simply going abtue t
thousands of lives every year by preventing unintendedd@re 00 jimit, or from reduced tire-road friction due to rairice.

parture. Simply by keeping the vehicle in the lane, a huge-num o 0 bound i ; is to treat th i
ber of fatal accidents can be avoided. One way to envisioglan _one way to bound noninear systems 1S to treat the nonfin-
earities as a disturbance acting on a linear system. Seutioidh

ing the nonlinearities is a classical technique that oftemka

*Address all correspondence to this author. 1
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well when the nonlinearities can be written as feedback gesn |
system outputs. Classical solutions to the sector boundst p

lem [1] use the Circle Criterion or the Popov Criterion, both

of which examine the transfer function of the system. In sase

where the nonlinearity is well modeled however, these tygies =
approaches usually result in a conservative bound compared
approaches that more accurately define the nonlinearity.

To remove the conservatism resulting from sector bounding, Fyr Fyi
the phase plane resulting from the nonlinearities can ket
considered. For vehicles, direct analysis of the phasesitas
been used successfully to analyze behavior with nonliness. t
Inagaki et al. [2] used the sideslip vs. yaw rate and sideslip the vehicleg, and the angular heading ernprrepresenting the

Figure 1. YAW PLANE VEHICLE MODEL

sideslip-rate phase planes to explain the qualitative ghamthe difference between the direction the vehicle is pointind tre
stable region of operation during countersteering mansyeaad direction of the road center line (see Fig. 3).
used the phase plane to develop a stability controller. dJisin If we assume that the yaw rate is small then the motion of

tuition from the phase plane analysis, Hoffman et al. [3]elev  the left and right tires is approximately the same and we aaupl
oped a criterion for stability based on the moment on theckehi  the two together. This also assumes that the steering aoigles

caused by the tire forces. Using this enabled investigatitm left and right front tires are equal, a valid assumption foal

the tradeoff between vehicle stability and controllailit steering angles. We also assume that the longitudinal iglisc
With the addition of a lanekeeping controller, we are now constant because this system is designed for highway usewhe

concerned with vehicle positional states as well as velatites. the velocity is largely constant (or at most slowly varyinghus

With four system states, visual inspection of the phaseeplan we consider the effect of the lateral tire forces on the &temor

is impossible. Fortunately, a numerical method called Sim o and heading of the vehicle.

Squares programming can be used to analyze the phase plane  Assuming small steering angle and heading deviation we

in higher dimensions. Sum of Squares (SOS) programming is a have:

relatively new branch of convex optimization which alloves f

numerical validation of the positivity of a polynomial. Ve mé = Ry + Fyr (1)

Wiloszek [4] outlines many uses for SOS techniques, including L — aF.c — bE 5

nonlinear controller design and stability proofs. Thes&S$o- 2 = akyr r 2)

grams can be written as semi-definite programs, a class bf pro

lem which can be solved very efficiently. Herea andb are the distances from the center of mass of the
This paper uses two distinct SOS programming methods to Vehicle to the front and rear axles respectively.

guarantee stability of a lanekeeping system in the presehce

tire nonlinearities. The first method models the nonlirteesias Vehicle Model with General Tires

sector bounded unknown disturbances, where the sectodboun The force a tire generates is a function of the slip angle at

confines them to be above and below two linear functions pfsli - that tire. For a general nonlinear function we have:

angle. This method finds a Lyapunov function using SOS pro-

gramming that guarantees stability up to about 90% of the-max .

imum tire force. The second method fits the nonlinear tireeur meé = Fyr () +Fyr(0r) (3)

with a low order polynomial in a range of slip angles of inttre 12 = aFy (o) — bRy (ar) 4)

and finds a Lyapunov function valid for this polynomial syste

in a defined region of the phase plane. Each of these teclmique The slip angle is defined as the angle between the direct®n th

finds a Lyapunov function to bound the motion of the vehiclé an tire is pointing and the direction it is moving:

guarantee stability far into the nonlinear region.

UYf ny
af:atan(u—)—ézu——é (5)
VEHICLE MODEL WITH LANEKEEPING SYSTEM X X
The vehicle is modeled as a mass moving in the plane (Fig. o = atan(%) ~ Yy (6)
1), using the linear bicycle model. Because we are inteddste Uy, Uy,
lanekeeping performance, it is most useful to derive theehiod
coordinates representing the deviation of the vehicle frane Here d is the steering angle. This small angle approximation
center. These are the lateral deviation of the center ofitgraf/ assumes the lateral velocitigg, andUy, are much smaller than
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Lanekeeping Potential

Road Centerline

Figure 3. LATERAL AND HEADING ERRORS USED FOR CON-

TROLLER
Figure 2. VISUALIZATION OF POTENTIAL FIELD The added steering angle to supply the potential field farce i
the longitudinal velocity. If we further assume the headsngpr pf = Cs

and steering angle are both small, then

With the steering command the slip angle expressions of &qs.
and 6 become

Uy, = é—YUx+ayp )
Uy, ~ é— YUy — bl (€ 2k 1 2k
’ P S Pa 9y g2
Uxf ~ er ~ Ux (9) ar = eCf +eUX + "IJ( Cf 1) + "IJUX (13)
.1 . b
Gr—eU—X*UJ*lIJU—X (14)

The steering angle (in the absence of driver input) is conttedn
by the lanekeeping controller [5]. The lanekeeping cotgrol
commands this steering angle to apply a force to the vehicle. The closed loop dynamics with the lanekeeping controllévec
This force is derived from an artificial potential, shown cep- are simply Egs. 3 and 4 with the above expressions for the slip
tually in Fig. 2, where it provides zero force on lane centet a  angles.

increasing force as the vehicle deviates from the specifaidl. p

The force applied to the vehicle is derived from the lateral a
heading errors of the vehicle &ndy) as defined in Fig. 3,and  LINEAR VEHICLE MODEL WITH LANEKEEPING

is the gradient of the potential: Previous work has assumed a linear tire model. For low
amounts of force, the lateral force from each set of tirednis |
early proportional to the slip at those tires:

Vp(@a) = kp(@a)? = kp(e+Xialh)? (10)
v, R = —Cia (15)
Fpr=—— =2k a 11 v e
pf e p(e-+Xal) (11) Rr = Can 16)

This controller has two parameters: the potential field dain  Substituting in to Egs. 3 and 4, we have the linear bicycle@hod
which represents the effective spring constant, and a tosda in error coordinates:
distancexj;. This lookahead distance creates a gain on the head-

ing error of the vehicle, and is necessary for stability ahhi L e ay e b

speeds. me——Cf(U—X—lIJ+U—X)—Cr(U—X—l|J—U—X)+Cf5 17)
The steering angle from the lanekeeping controller is added , e ay e b

to the bicycle model to obtain a model of the controlled vishic 24 = _aCf(U_X —Y+ U_x) + bCf(U_X —v- U_x) +aCr{18)
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whereC;s is the front cornering stiffness. With the potential field

force added in, the bicycle model in state space form is 1 , ;
® S — — — Lyapunov Function for Linear System
: 0 1 0 0 S08 N
€ % —(CHC)  (Ci+G)-Zpxa  (-aci+be) | | € = .
el _ m mU m MUy e S 067 N
Wy 0 0 0 1 W b5 ~ _
] —2kya (—aCi+bG) (aCi—bG)—2kyXaa —(a%Ci+b2C) Y S 04r I
Iz 12Uy Iz 12Uy w T~ -
(19) 0.2 : :
0 0.2 0.4 0.6 0.8
Time
2
Previous Bounding Results 8 0 -~
To guarantee lanekeeping performance requires a guarantee
of stability. Previous bounding results [6] developed apw@ov % 20
function for the closed-loop system, which guaranteesilgtab 4
for all controller gains and vehicle speeds for which thecfion }_i 6 | —— Slip Angle Front
is valid. This Lyapunov function can then also be used toidev @ 5 ‘ _ | = — —Slip Angle Rear
a numerical guarantee of lanekeeping performance wherethe v 0.2 0.4 0.6 0.8
hicle is subjected to disturbances such as wind gusts orawad
vature. Figure 4. LYAPUNOV FUNCTION DECREASING WITH VEHICLE MO-

These bounding results assumed a linear tire model. This 1oy

model is valid for much of highway driving, in which the tire
forces are small. With a linear model, the system can beeritt
as a Lagrangian system for certain values of the system.dains
this form, the dynamics are derived from a kinetic and a pgaken
energy. The sum of these energies is a Lyapunov functioméor t
system.

The HSRI model separates tire forces into a linear region

where the force is proportional to slip angle, and a nonlimea
gion where the force saturates. This model is given by:

Fisri = —Cgytan(a)Fy ~ —CqaFy (24)
1 H<1/2
. FH=<7 / (25)
VL=q Rq (20) F-mz H>1/2
=|eéyy 21
q=[eéy ] (21) H Cqtan(a (26)
P — 0 5m 0 O 22)
~ |kp@a 0 c3 O Thus for low tire forces (small slip angle, and thus small H),
0 0 0 .5 the tire force is proportional to slip angle. At larger slipgées
cs = kpa(Xia +a) +.5(aCs — bG) (23) the nonlinearity causes the tire force to be decreasediges

smoothly saturating force vs. slip curve (such as the cumg.
9 on page 8).

Figure 4 shows a simulation of the vehicle with lanekeeping
assistance, using the HSRI tire model. The vehicle staots fr
an initial offset into the potential of in, and smoothly returns
to lane center. This corresponds to the vehicle starting thea
rately for low levels of tire force, but places no restriction the edge of the lane, a large offset necessary to cause pasiabtiu-
maximum tire force attainable. Real tires do have a limithairt ration. The parameters for the vehicle are shown in Tableng. T
maximum force, equal to approximately the normal load times Lyapunov function initially decreases while the rear tiees in
the coefficient of friction. A nonlinear tire model, such agt the linear region. Unfortunately when the rear tires stadatu-
HSRI [7] model is required to capture the dynamics at large le  rate after about 0.4 seconds the function is no longer dsiciga
els of force. The small angle approximations made do notteeed and is thus not a valid Lyapunov function. This results fréva t
be removed to handle higher force levels, as the maximum side fact that as the tire force decreases, less energy is diedipBe-
force attainable is at a small slip angle (5-10 degrees fostmo cause the Lyapunov function does not take this into accoluat,
tires). increase in potential causes an overall increase in the wlihe

VEHICLE MODEL WITH NONLINEAR TIRES
This linear tire model predicts vehicle motion quite accu-
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Parameter (units) Value
Uy (M/s) 30
P.F.gainkN/m) | 7160
Xia (M) 14.66
m (kg) 1470
I, (kgn?) 2500
Cst (N/rad) 110000
C, (N/rad) 100000
a(m) 1.0
b (m) 1.6

Table 1. CONTROLLER AND VEHICLE PARAMETERS

function.

It is clear that the Lyapunov function designed for the lin-
ear system is not valid for the vehicle with nonlinear tir€3f
course itis impossible to find a global Lyapunov functiontfos
nonlinear system, as the vehicle is not stable for extrehaefe
slip angles. Thus we seek a function valid in some region®f th
state space near the origin. The need to find a Lyapunov imcti
valid in a specific region, and the complicated nonlinearagyn
ics together make it infeasible to find a Lyapunov function by
inspection.

THE POSITIVSTELLENSATZ

To develop a bound applicable into the nonlinear region of
tire operation, we use a theorem from algebra called the- Posi
tivstellensatz. This theorem establishes conditions ¢wgthat
a set is empty. While the general theorem (see [8], [4]) is bdyo

the scope of this paper, the specific form of it used here can be

written as follows:
{xe R"|f1(x) >0, f2(x) >0,g#0} =0
(3 (27)
5.k s.t. si+fi+ssfot+safifotgi=0

wheres is a sum of squares polynomial, of the form:

(28)

where eaclp; is a polynomial.

In words, this says that we have two equivalent conditions:
If we can find the sum of squares (SOS) polynomsalss, then
we know that there are no values of x that violate the inetjaali
and the inequation. The theorem also goes the other dingctio
saying that if there are no such values of x, then there dad exis
polynomials to make the second statement hold.

This is a useful result for this work because it can be used to
show that a Lyapunov function is decreasing within a centain
gion. First however, we need to be able to find these polynismia
in an efficient manner.

Sum Of Squares Programs
By reorganizing Eq. 27 we can write it as a Sum of Squares
Program:

—pfi—sfo-ufif—gf =5 (29)

Here we seek coefficients fap, s3, 5 such that the whole ex-
pression on the left hand side is a sum of squares.

This problem can be turned into a Semi-Definite Program
and solved very efficiently. Do this, we write the polynomiral
matrix form:

a+bx +op+dxxp+ed+ Hxg+... =

a .5b .bc 1
5b e &d... X1
[1xi%...] | 5c.5d f Xo (30)

For a general problem of the form of Eq. 29, some coefficients
in this matrix would be known and others unknown. We would
also have constraints relating some of the coefficientsherst
This is simply a Semi-Definite Program [8].

Lyapunov Function Constraints as SOS program
We can phrase the general Lyapunov function requirements
in the form of the Positivstellensatz as follows:

{xeR'V(x) >0,g(x) > 0,||x|*#0} = 0
T @y
Is0..5.k S.t. —550-5V —sugV — (X' x)¥ =5

Hereg(x) is a function used to constrain the region over which
the Lyapunov function must be decreasing. Thus we are requir
ing that the Lyapunov function be decreasing wheneygy is
positive.

Copyright © 2005 by ASME
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Figure 6. TIRE FORCE DECOMPOSITION

TIRE NONLINEARITY MODELED AS SECTOR
BOUNDED NONLINEARITY

One classical way to represent a nonlinearity is with a sec- This decomposition of the tire force can be expressed in
tor bound [1]. Known as a Lur'e problem, the system must be terms of the HSRI tire model outlined earlier. From the HSRI
decomposed into a linear system with a sector bounded ronlin model we have:
ear feedback. This method was used classically with acalyti
transfer function techniques, but can now be used much nfiore e

fectively with the sum of squares programming outlined ia th Frsri = 7C°‘,FHO( , (35)

previous section. = —Gy'a—a(CaFy —Ca’) (36)
Figure 5 shows the linear and nonlinear components of this

model. In the case of the vehicle, the nonlinearity is a fiomoof Thus the nonlinear function= —o(CqFy — Cy).

the wheel slip angles, so these must be the outputs of themsyst To fit the form of equation 31, a function is needed that is

Here Ax+ Bhiis the linear plant, with outputs font and Oyeqy. negative when the force is within the sector.

The only input is the force resulting from the tire nonlirigar

The driver command is assumed to be zero in this model. In

state space form, this model is simply: g1 = (he(ar) —CiNrap)he(ar) <0 (37)
Q= (h(ar) =CNap)h(ar) <0 (38)

x = [A]x+ [B]h(y) y=CXx (32)

Figure 6 shows the actual force vs. slip relationship based
on the HSRI model, but all the sector bound requires is theat th
nonlinear portion be within the sector defined by the dasimed |

The A matrix must then represent the portion of the tire force
that is proportional to slip angle

wherex = [eéy l]J]T To complete this model, we need to
bound the nonlinear functioh(y), and develop thé&,B andC
matrices for the linear portion.

We need to decompose the tire force into a linear portion and
a nonlinear portion as shown in Fig. 6. The nonlinear porison

constrained to be a fraction of the maximum forbk, and N, 0 1 0 0
for the front and rear respectively. Thus we are bounding the A (G (cf/+q/),2k>qa%f_' (aC'+bG)
nonlinearity such that; < C;Nsa s andh, < C/N;a,, where 0< - mcff r;ux ’ m ! T;Ux 39
Nf < 1,0< N; < 1. The rest of the tire force is then proportional 0 0 0 1 (39)
to slip angle, so we can express the total force as the sum of a aC/—bC/ ct’
. ! . X _ I (_ac.) / —bG)—2akXa = _ (220! h2C.!
linear term and the nonlinearity: ?I:gfcf ( aCIfZJXbC‘ ) B g 2 (@ leszb S
!
Frront = —Cr(1—Nr)ar +h(ar) = —Cr'ar +he (o) (33) Basically this system matrix is the normal vehicle systent, b

Fear= —Cr(1—N)or +he(ar) = —C/ar +he(ar) (34) with the reduced cornering stiffness representing thaliper-
tion of the vehicle. The other difference from the standacdiet

HereC:’ andC,’ are the proportionality constant relating force (Eqn: 19) is that the terms.m?/olwgg/ the _steermg from tivela
to slip for the linear portion of the system and are distimotrf keeping controller are multiplied by-. This represents the fact
(and smaller than) the actual cornering stiffnesses of ¢écle. that the lanekeeping controller steering is based on theecimg
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stiffnessCs¢, but the actual force is based on the reduced corner-
ing stiffnessCy’.

The C matrix is formed to make the front and rear slip angles
be the outputs so that the nonlinearities can act on the istjjea
in feedback.

k 1 k)Qa a
= = 14702 2

C= % Ox 1Cf o (40)
Ux - Uy

The B matrix represents the way in which the forces from the

nonlinearities enter the system.

(41)

w

I
3lp O3= O
o3k o

Slo

For a quadratic Lyapunov function V as in Eq. 20, we want
the derivative of the Lyapunov function to be negative wivene
the nonlinearity is within the sector. This can be expreseed
matrix form [9]:

. ATP+PA PB] [ x
0<0g<0=V=[x hT]{ 5P OHh

B

(42)
Now we can express the requirements on the Lyapunov func-
tion in a form to fit the Positivstellensatz. Specifically, want
V to be positive, an¥ to be negative whenevéris in the sector
(gis negative). Thus we seek polynomials such that,

P>0
S0+ -V = 5

(43)
(44)

This is the standard form of the Positivstellensatz, extestV
is not multiplied by an SOS polynomial. This is required tepe
the problem linear in the unknown polynomial coefficienteeT
coefficients of V are unknowns, so they cannot be multipligd b
another unknown.

This problem can be readily solved with the SOSTools, a
Sum of Squares toolbox for Matlab [10]. The numerical Lya-
punov function found for this example is:

1.00 .097 .383 .007
097 149 .012 .004

Poec = 382 .012 510 .120 (45)
.007 .004 .120 .064

o Lyapunov Function from SOS Program
E ™ — — — Lyapunov Function for Linear System
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Figure 7. LYAPUNOV FUNCTION VALUES AND VEHICLE STATES

Figure 7 shows the Lyapunov function value for an initiad dff-

set from lane center. The Lyapunov function for the linea-sy
tem is shown for reference, as it increases at about .4s vilgen t
rear slip angle becomes large. The Lyapunov function foond f
the sector bounded system decreases through this sectien. T
function found has far more nonzero terms than the functon f
the linear system (Eq. 20), and the total combination ofaghes
terms results in a function that decreases even as the timt $cs
saturate.

Figure 8 shows the region of the tire curve where the Lya-
punov function is valid. The function is valid up to about 90%
the maximum tire force. This number does depend on the exact
lanekeeping and vehicle parameters, suggesting that thedse
chosen to maximize stability of the vehicle at the limits ahh
dling.

This function guarantees that the system with lanekeeping
active is stable up to 90% of the maximum tire force. This can
be used to guarantee that if the system starts with the toes n
saturated, they will not fully saturate. Because the valuthe
Lyapunov function value can not increase with time, the max-
imum lane deviation can be calculated for a given initial-con
dition by finding the maximum deviation with energy equal to
the initial value. As in previous work with the linear system
this Lyapunov function can also be used to prove that theclehi
will stay in the lane when subjected to disturbances suchiag w
or road curvature. Further details of this approach areilddta
in [6].

Copyright © 2005 by ASME
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Figure 8. REGION OF VALIDITY FOR SECTOR BOUNDED NONLIN-

EARITY LYAPUNOV FUNCTION

TIRE NONLINEARITY MODELED WITH POLYNOMIAL
DYNAMICS
To bound the dynamics further into the nonlinear region of

the state space, a more accurate model is needed. To use the

Positivstellensatz in the form of Eq. 27, the dynamics nedukt
in the form of polynomials. Here we fit a rational polynomial t
the HSRI tire model [7].

Using least squares we fit to the following polynomial:

"+ 10+ +qa
dmam+ dmflumil + - + dla + 1

fa) = (46)

Where n and m are the orders of the polynomials for the numer-
ator and denominator. A fit for each tire with orders of 1 and 2 i
shown in Fig. 9. The fit is quite close, even with the low order
polynomials used, which is not surprising given the existeof
low order polynomial tire models in the literature (for exalm
see [11]). These models could also be considered in pladeof t
curve fit used here.

Now that we have a tire model in polynomial form, we can
plug this into Egs. 3 and 4 to find a polynomial model for the
vehicle.

o Ne(97 éa LIJan) g
e D(ea.e7lp7"]'|) lp

_ Nw(ea é7 '-IJ7 llJ)

Deeyy 1

This model still assumes small angles, but the force frontitbe
is now based on the polynomial fit of the HSRI model. As in the

8

8000
Front Polynomial
Front HSRI
6000
— - — - Rear Polynomial
— — — Rear HSRI
4000F
z 2000
[0]
(&
S 0
[
<
= 2000 |
4000 1
6000
8000 -
5 0 5
Slip angle (degrees)
Figure 9. TIRE MODEL POLYNOMIAL FIT
0.5 — T
— ~ T~ linear model
E 9 = ___ HSRImodel/
o rational fit
0- 5 1 1
0 0.5 1 1.5 2 25 3
0.05 T - : "
Bl
> ~_ -
0.05 1 1 1 1
0 0.5 1 1.5 2 25 3
10 T - :
> <
T of =
=
10 * * !
0 0.5 1 1.5 2 25 3
~ s - -
g o =
3 sl
0 0.5 1 1.5 2 25 3
time (s)

Figure 10. DYNAMIC COMPARISON OF CURVE FIT TO HSRI MODEL

sector bounded case, this is done because the slip anglécit wh
the tire force starts to saturate is only about 2 degreesnsdl s
angle approximations are very accurate. The denominattine o
two expressions in the above equation are the same because th
tire model enters in a similar manner in the two expressidns o
Egs. 3and 4.
To confidently use this polynomial model to bound the ve-
hicle motion it needs to be verified dynamically. Figure 10
shows the response of the system with the vehicle initialy t
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the right of the centerline, but travelling and pointing be tfeft
(xo=] —01m 27m/s 15deg —l4deg's ]T). Because
the slip angles are well into the nonlinear region of thestire
the linear model differs from the HSRI model. The polynomial
model tracks the HSRI model extremely well, with the lines di
rectly on top of each other on the plot. This curve fit is only ac
curate up to the peak force attainable by the tires (becéiesh t
was only performed up to that point), but it fits extremely Ml
that point. This is sufficient, because we are interestedimb-
ing the motion of the vehicle below the peak force.

We now use the result from the Positivstellensatz, Eq. 31,

with these polynomial dynamics plugged in. We use the famncti
g to constrain the solution to a region of the state space.ri@lea
we will not be able to find a Lyapunov function for the entiratet
space because the system is not stable for tire forces belgend
peak force. This functiog could be any polynomial. Here, for
simplicity, an ellipse is used:

Osect= 1—6.25¢° — 0.4116* — 319p° — 0.925)2.  (48)

This function is chosen to match the slip angle range for twhic
the tire curve fit is valid.

The derivative of the Lyapunov function is found by plug-
ging in these polynomial dynamics:

. N, N, N, N

L e A TR ﬁlli (49)
NV, NN V_ avny

V= %% 3 d Taw° oD (50)

Because the denominator of the dynamics (and henag) os
always positive, we can multiply through by this term.

VD:a—V D+6V ljJD+aVN

de 0é oy oy (1)

WhereD, Ne andNy, are from Eq. 47. Becaudeis always pos-
itive, requmngv to be negative is equivalent to requmk{gD to

be negative. Plugging this into Eq. 31 yields the Positileste
satz condition for the Lyapunov function. Here we are segkin
the polynomialss; ...s4 and also the Lyapunov function itself.
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Figure 11. LYAPUNOV FUNCTION FROM RATIONAL DYNAMICS

punov function decreasing in the defined region:

187 .31 .12 .05
31 48 0 .10

Prat 12 0 729 .13 (52)
05 .10 .13 .11

Similar to the sector bounded case, this function has more
nonzero terms than the linear Lyapunov function. Figure 11
shows the value of this function for the trajectory of Fig., 10
and it decreases as predicted. This Lyapunov function ig val
for all slip angles which are in the region of interest (deditg

the functiongsec) and for which the tire curve fit is accurate.

CONCLUSIONS AND FUTURE WORK

The techniques described here are a step towards bounding
the motion of lanekeeping assisted vehicles with tire sditom.
The two methods each are able to guarantee stability quite fa
into the nonlinear region of tire forces. This means thatikta
can be assured even when the tires have begun to saturate.

The work described here is to find the Lyapunov function,
thus guaranteeing stability. The next step is to use the wyap

To keep the problem linear, we must preselect the SOS polyno- function to provide a numerical bound on the motion of theiveh
mials s4 ands;. Here they are chosen to be the constant value cle. Performance of the Lyapunov function as a bound, and how
1. Because of the requirement to make this choice there will this varies with vehicle and controller parameters, is keyhe

not always exist a SOS decomposition even when the Lyapunov utility of this method. Extending this bound to time varyidig-

function is decreasing in the specified region.

turbances would be useful to guarantee performance in & pr

For this polynomial model, the approach does find a Lya- ence of wind, road bank, or other slowly varying disturbance

9
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The polynomial fit to the tire curve can also be extended, and optimization  toolbox for matlab. URL

possibly combined with the sector bounding. By considetiirey http://ww. cds. cal t ech. edu/ sost ool s/ .
forces between two polynomial bounds, uncertainty inraad s [11] Pacejka, H., 2002Tire and Vehicle DynamicsSociety of
face conditions or tire properties could be directly coasédl. Automotive Engineers.

This tighter sector bound should result in a less conservaip-
proach, as it more accurately models the system.
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