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This paper uses an energy function to bound the motion of a system consisting of steering
based lanekeeping assistance combined with force feedback. By scaling the inertia of the
handwheel the system can be represented as mechanical, meaning it can be derived from
kinetic and potential energy. The restrictions that result are interpreted in terms of the
mechanical force feedback sources present in a conventional vehicle. Experimental imple-
mentation shows that this approach can design force feedback schemes with mathematical

guarantees of lanekeeping safety.
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1. INTRODUCTION

Lanekeeping assistance holds the promise to
save thousands of lives each year by preventing un-
intended lane departure. According to the U.S. Na-
tional Highway Traffic Safety Administration, 32 %
of vehicle fatalities in 2002 were the result of “fail-
ure to keep in proper lane or running off road” [3].
This accounts for about 19,000 deaths each year
that could be saved by simply maintaining lane posi-
tion in the absence of adequate driver steering com-
mands. One promising way to achieve this goal is
by using steer-by-wire to actively steer the vehicle
towards lane center. Because steer-by-wire has no
inherent force feedback on the handwheel, this assis-
tance system must include artificial force feedback
to work smoothly with the driver. This force feed-
back system couples with the vehicle and lanekeep-
ing system, creating a combined dynamic system.
As a safety system, we want to guarantee that the
vehicle stays in the lane, and thus this entire sys-
tem performance must be guaranteed with the force
feedback active.

Past work [6] identified the need for careful
choice of force feedback gains to ensure stability of
the system. This work showed that a stable system
can be created by recreating the mechanical force
feedback sources present in a conventional vehicle.
Although stability is necessary, it is also critical to
bound the motion of the vehicle to ensure it stays
in the lane. In [4] the system is represented as me-
chanical, meaning it is derived from a potential and

kinetic energy and some drift terms. This is possible
because the lanekeeping controller is also energy-
based, and thus with a few restrictions on system
gains the entire system can be derived from energy.
With this representation, the road curvature can
be viewed as a disturbance affecting the mechani-
cal system. In this way a numerical bound can be
found for the motion possible from this disturbance.

This paper applies these energy-based bound-
ing results to a system with force feedback, to
bound the combined system of vehicle and hand-
wheel. Even without force feedback, specific require-
ments must be put on the controller gains to allow
the system to be derived from kinetic and potential
energy. The introduction of force feedback here cre-
ates new difficulties because of the huge difference in
the energy of the handwheel compared to that of the
vehicle itself. To create the symmetry in the system
energy necessary for representation as a mechanical
system, the inertia of the handwheel is scaled. This
is similar to the more general approach in [1], in
which a linear transformation symmetrizes the sys-
tem. By deriving the dynamics of the system from a
potential energy-like function, a Lyapunov function
consists of the kinetic plus the pseudo-potential en-
ergy. This Lyapunov function bounds the energy
of the system, which also provides a bound on the
value of each system state. Thus this function can
be used to guarantee that the vehicle will stay in the
lane, a powerful guarantee for a system of this type.

In order for the dynamics to be derivable from
a potential, the force feedback gains must be set
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Fig. 1: Lanekeeping System State Definitions

to specific values. These requirements can be in-
terpreted in terms of the mechanical force feedback
sources in a normal vehicle (aligning moment, jack-
ing torque, etc) to provide design intuition. With
these requirements on the gains met, this Lyapunov
function guarantees stability of the system, but
more importantly it can be used to bound the mo-
tion and guarantee lanekeeping performance with
the force feedback system active. Utilizing the
bounding approach of [4], the curvature of the road
is viewed as a disturbance to the system, and a
bound is found using the characteristics of the road
itself. Experimental results confirm the utility of
this approach.

2. VEHICLE DYNAMICS WITH LANE-
KEEPING AND FORCE FEEDBACK

The lanekeeping system considered uses steer-
by-wire to adjust the steering angle of the vehicle
to push the vehicle back toward lane center [5]. As
shown in Figure 1 the controller projects the heading
error 1 of the vehicle forward by a distance x;,. The
steering angle added to the driver command by the
lanekeeping assistance to push the car back to lane
center is based on the product of the projected error
with a gain k,:

k
5;0 = 071;(6+xla¢) (1)

To work smoothly with the driver this system
requires force feedback on the handwheel. The force
feedback consists of a torque on the handwheel pro-
portional to a linear combination of the vehicle and
handwheel states. The goal is to bound the underly-
ing system, thus we consider the dynamics without
any user input. This system is specifically intended
to help maintain lane position when the driver is
unable to steer, so we must guarantee operation in
this situation.

Because the lanekeeping system aims to assist
the driver rather than take over control, the hand-
wheel is still active as an input device to steer the
roadwheels. As such, any movement of the hand-
wheel caused by the force feedback steers the road-
wheels, and any change in the vehicle states affects
the force feedback on the handwheel. Thus the ve-
hicle model must include both the vehicle with lane-
keeping and the handwheel with force feedback. The

longitudinal speed is not included, because this Lya-
punov function does not include the longitudinal en-
ergy. This restriction to lateral and heading dynam-
ics has been shown to reduce the conservatism as-
sociated with a total energy function for the vehicle
[4].

The vehicle model uses six states: four repre-
senting the position and heading of the vehicle and
its derivatives, and two for the handwheel position
and rate. With these states, the bicycle model can
be combined with a second order system represent-
ing the force feedback. Together these form a model
of the combined system of lanekeeping and force
feedback. The dynamics for this system are:

]2

where the A matrix is given by

z=[e ¢ G]T (2)

0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
2%, (Cs+Cr)—2kzia  Cp —(Cs+Cp) (—aCy+bCy)

Here Cy and C, are the cornering stiffnesses for the
front and rear axles, a and b are the distances from
the CG to the front and rear axles respectively, U, is
the vehicle’s longitudinal speed, and s, is the steer-
ing ratio. m, I,, and I, are the mass of the car and
moments of inertia of the car and the handwheel.
The k; in the last row are individual gains for the
general state feedback that produces the force feed-
back. These gains will be determined in the follow-
ing section.

The goal of this work is to find a Lyapunov
function for this system to ensure stability and ob-
tain numerical bounds on the motion. One way to
do this is to define the system in terms of energy by
writing it as a Lagrangian system. In general form
such a system can be written:

dor ov
——+— = F 3
dt 04 + dq (3)
Here g; are the generalized coordinates, T is the ki-
netic energy, and V is the potential energy. For the
lanekeeping system, this results in the following:

m 0 0 é o
0 L 0 vl o= fa@) - | G5 (@)
0 0 Gsl, 0 %

This expression says that the dynamics are a func-
tion of a potential energy V, and a drift term fy.
The drift term fy is purely a function of the veloc-
ity states. The potential energy forces a symmetry
to the dynamics, as can be seen by writing out the

m m ms, mUg mUyg
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derivative from Equation 4 with a quadratic poten-
tial function.

V = c16% 4 coet) + c3h? + 46 + esbe + 00 (5)

v

D¢ 2c0 e cs e

% =] c2 23 ¢ P (6)
ov. Cs cg 2c4 0

o0

Thus regardless of the exact values of the potential
coefficients, the system dynamics must have a sym-
metry to be derived from a potential. To handle
the large magnitude difference between the vehicle
energy and the handwheel energy, the handwheel in-
ertia is scaled by factor Gs. This is similar to other
approaches, such as [1, 2] in which specific linear al-
gebraic requirements are placed on system matrices
to allow for symmetrizability. Here the requirements
are simply made explicit and specific to the form of
the system.

With the potential V always positive and the
drift terms always dissipative stability is guaranteed.
With these requirements, a Lyapunov function for
the system is given by:

~ 1 -
L=V + @M (7)

Clearly this function is always positive with V pos-
itive, as the mass matrix is always positive definite.
The function can be shown to be always decreasing
by taking the derivative and inserting the dynamics
from Equation 4.

de B
% S N R v (8)

= @ | G5 |+ fa(d) -

= afali) (10)

Thus with the drift term dissipative the Lyapunov
function is decreasing for all system states as de-
sired.

3. REQUIREMENTS ON THE GAINS

3.1 The Potential

The potential must be a function of the posi-
tional states e, 1, 6. In general form this potential
is:

V =cre? + coeth + c30? + c46? + csbe + e (11)

As a potential, these function coefficients must be
chosen such that the function is positive for all sys-
tem states. For use as part of the Lyapunov func-
tion, the potential must also reflect the dynamics,

as in equation 4. This means the derivative of this
potential must match the position dependent terms
in the dynamics. Matching coefficients and enforc-
ing the positive definite nature of the potential, the
following conditions must be met:

c1 = kp (12)
c2 = 2kpa (13)
1
cs = kpa(zy, +a) + E(aC’f —0C,) (14)
kg _ Cf? Cy?

o 2 2, - U (19)

Cr
= — = —— 1

Cs k‘e or ( 6)
aCy

Co v = (17)

Here n is a parameter greater than 0 which rep-
resents one of the degrees of freedom in the force
feedback system. With these six requirements the
dynamics can be derived from a positive potential.

3.2 The Drift Term

The other requirement for the Lyapunov func-
tion is that the drift term f; is dissipative, meaning
it is dissipating energy for all nonzero system states.
The drift term is simply all of the velocity depen-
dent forces, effectively all of the forces in columns 2,
4 and 6 of the A matrix in equation 2. Mathemati-
cally this means:

~[eée ¥ 0]fa=0(18)

T Cf+CT (le—bCr 1

é Us , U, —ghke éf
,Lg aqu;bCT a Cf[;;b C, _% ¢ ,Lg Z 0 (19)

This matrix is positive definite if all submatrices
have positive determinants. The first entry is posi-
tive, and first submatrix has positive determinant as
shown by previous work. The determinant for the
entire matrix is positive if the following condition is
met:

CfCrLQ k2 Cf + C’r
M

—k Us 4

+ky(aCy — bCy)—

2 2
kek2ZEETCr >0 (20)

4. THE LYAPUNOV FUNCTION

With the requirements of the previous sections
satisfied, a Lyapunov function consists of the po-
tential plus kinetic energies, which are each positive
(Eqn. 7). Because the drift terms are dissipative,
this function will be decreasing for all system tra-
jectories when the gains are set by the criteria de-
veloped in the previous section. Figure 2 shows the
system trajectory and Lyapunov function values for
a system that exactly meets the requirements of the
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Parameter (units) | Value
U, (m/s) 15
P.F. gain k (N/m) | 5000
Z1q (M) 32
m (kg) 1540
I, (kgm?) 2500
C; (N/rad) 160000
C, (N/rad) 160000
a (m) 1.3
b (m) 1.3
I, (kgm?) .084
Sy 16
ko Nm/rad) 1.49
ke (N/rad) 1.0
ky (N/rad) 1.33
k; 0.0001
ke 0
ky 0

Table 1: Controller And Vehicle Parameters
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Fig. 2: System Trajectory and Lyapunov Function
Values With Minimum Stability Requirements Met
(Table 1)

previous two sections. The parameters for this ve-
hicle are given in Table 1. With an initial offset
from lane center of 1m, the vehicle does return to
lane center, but in a slow yet very oscillatory way.
The Lyapunov function does decrease, but clearly
this response is unacceptable. Thus we seek a more
intuitive way to choose these gains.

5. TRANSLATING GAIN REQUIRE-
MENTS

The gain requirements on each state in the pre-
vious section assure stability, but say nothing about
how the system will feel to the user. To address this
question it is useful to translate these requirements
into the force feedback sources present in a conven-
tional vehicle. Here we consider the dominant three
sources present in a conventional vehicle: aligning

moment, jacking torque and damping [6]. We also
consider force feedback based on the amount of lane-
keeping assistance being given.

In terms of the states of the system these four
torques are:

2k 1.
Talign = kalign (C_fpe + U_e
2kpTia a - —1
hplia gy 4 2 "l
=g, ot gt )
Tdamp = kdamp (_0>
Tof = kps (—2kpe — 2kpz10¢))
2k 2k, x; 1
jac = k'ac =L P b — —0
Tiack 7 k(CfEJr Cf 1/1 Sr>

The requirements of Equations 12-17 and 20 can be
translated into requirements on the force feedback
gains Kalign, Kdamp, kpr and Kjqck:

Cr (Cr+Cy)

kalign = Qkpsr 7GS (25)
Cf n
- — 2
Fos 2kps, G (26)
Cf (an — CT)
) — J J 9
Fjach 2kps, G (27)

Cr (Cp+0Cp)?
2kps, 8kps,UyGi

Here n > 0 is the factor from Equation 12 that can
be chosen.

Thus there are three degrees of freedom in the
force feedback system, even with the constraint that
the dynamics are derived from kinetic and potential
energy. First, the factor n can be chosen to adjust
the amount of the different types of force feedback.
Larger n gives more jacking effect and lanekeeping
assistance feedback. Second, the amount of hand-
wheel damping can be chosen to be anything larger
than the minimum value in Equation 28. The other
degree of freedom is the scaling of the entire force
feedback, G.

Figure 3 shows a system trajectory with the
force feedback parameters from Table 2. Despite the
restrictions imposed to make the system mechanical
these parameters result in reasonable gains on the
mechanical force feedback sources. These are similar
to the values for the stock Corvette, with the excep-
tion of the damping, which is about twice the stock
value. This could be remedied by increasing the in-
ertia scaling G, but this additional damping may
not be a problem at all, as for highway situations it
is often desirable to add some damping to an under-
damped vehicle. With these parameters the system
returns to lane center smoothly and without large
handwheel motion.

kda'rnp Z (28)

6. BOUNDING THE SYSTEM

This analysis constructs a Lyapunov function
for the system with proper choice of force feedback
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Fig. 3: System Trajectory and Lyapunov Function
Values With Mechanical Force Feedback Gains

Parameter (units) | Value
G, 2000

n 2
kdamp (Nm/rad/s) | 2.84
Ejqer, (Nm/deg) 0.49
kaiign (Nm/deg) 1.14
kpr (Nm/m) 3.11

Table 2: Force Feedback Parameters

parameters, guaranteeing stability. This function
can also be used to numerically bound the motion
of the car. Thus for a specific choice of lanekeeping
controller gain, a guarantee can be provided that
the vehicle stays in the lane.

This bounding follows the process outlined in
[4], the details of which are beyond the scope of this
paper. First, for a given disturbance, a change of
variables is performed to the equilibrium configura-
tion of the system. Any changes in the disturbance
are then viewed as excitation to the system relative
to the equilibrium configuration. To provide expo-
nential stability to the equilibrium, a small “cross
term” relating to the product of the velocity and
position states is added to the Lyapunov function.
Writing the potential as a matrix quadratic form
V = 2T Pz, the Lyapunov function with cross term
can be written as:

PM
et 1 e (1]
With this cross term chosen such that the Lya-
punov function still meets the requirements, this
means that the system trajectory approaches the
disturbance-caused equilibrium at an exponential
rate in the absence of changing disturbance. The
rate of exponential convergence and the conser-

vatism depend on this epsilon value, and it is cho-
sen to minimize conservatism while still resulting in

Fig. 4: Experimental Vehicle with Force Feedback
System

a valid Lyapunov function. Thus a bound on the
system energy can be obtained, and using linear al-
gebra this bound can be converted to a worst-case
bound on each of the system states.

7. EXPERIMENTAL RESULTS

This bound has been verified experimentally in
the steer by wire vehicle shown in Figure 4. This
vehicle is equipped with a high performance force
feedback system and lanekeeping assistance based
on the Global Positioning System. Details of this
experimental implementation of lanekeeping are in
[5]. The force feedback system uses a brushless DC
motor to provide up to 20Nm of torque on the hand-
wheel. Using a combination of GPS and INS de-
termines the position and heading of the vehicle
to about 2cm and .5 degrees with a bandwidth of
about 100Hz. This state estimate is compared to a
polynomial-based map of the track stored onboard
the vehicle, and control is performed at a sampling
rate of 200Hz.

To simulate a highway situation, a track with
large radius curves was created on an airfield. The
track is shown in Figure 5. With the vehicle moving
at a constant 33mph (15m/s), the driver removed
his hands from the handwheel, and allowed to car to
drive with no user input for one complete lap. The
curvature of the track, which enters the bounding
process as the disturbance, is shown in Figure 6.

Figure 7 shows the response of the system on
the track, showing the good match between reality
and the simple model used for this analysis. There
is some discrepancy, particularly in the handwheel
position, likely caused by unmodeled friction in the
handwheel system. The numerical bound on e re-
sulting from this set of conditions is 3.15 m, and
that on 6 is 2.24 rad. Thus in this case the bound is
conservative by factors of 1.5 and 1.7 for e and 6 re-
spectively. This conservatism is due to the fact that
the bound is based on the maximum disturbance on
the track (the tightest curve and greatest change in
curvature) and this track is not the worst-case track
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Fig. 5: Lane Track for Experimental Results
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Fig. 6: Curvature Disturbance Input on Experimen-
tal Map

with these maximum characteristics. To guarantee
that the vehicle stays in the lane for this track, a
slightly higher gain would have to be chosen. De-
spite the small amount of conservatism it is clearly
a tight enough bound to be useful for designing the
lanekeeping system to match a given road.

8. CONCLUSIONS

The technique described here allows for con-
struction of an analytical Lyapunov function for a
vehicle with lanekeeping assistance and force feed-
back. To achieve this, the dynamics of the system
must be symmetrized by scaling the inertia of the
handwheel. With proper choice of force feedback
parameters the system can then be represented as
a mechanical system, and a numerical bound can
be calculated on the possible deviation from distur-
bance such as road curvature. This allows for design
of the force feedback while simultaneously guaran-
teeing that the vehicle will stay in the lane in the
absence of driver input.
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Fig. 7: Experiment and Simulation of Lanekeeping
with Force Feedback

ACKNOWLEDGEMENTS

The authors would like to thank General Mo-
tors Corporation for the donation of the Corvette
and the GM Foundation for the grant enabling its
conversion to steer-by-wire. The authors would also
like to thank Dr. Skip Fletcher, T.J. Forsyth, Geary
Tiffany and Dave Brown at the NASA Ames Re-
search Center for the use of Moffett Federal Air-
field. This material is based upon work supported
by the National Science Foundation under Grant
No. CMS-0134637.

REFERENCES

[1]. ADHIKARI, S. On Symmetrizable Systems of Second
Kind. Journal of Applied Mechanics 67 (December
2000), 797-802.

[2]. AHMADIAN, M., AND CHOU, S. A New Method
for Finding Symmetric Form of Assymetric Finite-
Dimensional Dynamic Systems. Transactions of the
ASME 5/ (September 1987), 700-705.

[3]. NHTSA. Traffic safety facts 2003. Tech. rep., Na-
tional Highway Traffic Safety Administration, 2003.

[4]. ROSSETTER, E., AND GERDES, J. Safety Guaran-
tees for Lanekeeping Assistance Systems with Time-
Varying Disturbances: A Lyapunov Approach. In
Proceedings of the ASME International Mechanical
Engineering Congress and Exposition (2003).

[5]. ROSSETTER, E. J., SWITKES, J. P., AND GERDES,
J. C. Experimental validation of the potential field
driver assistance system. International Journal of
Automotive Technology 5 (2004), 95-108.

[6]. SwiTKES, J., ROSSETTER, E., CoE, I., AND
GERDES, J. Handwheel Force Feedback for Lane-
keeping Assistance: Combined Dynamics and Stabil-
ity. In Proceedings of the International Symposium
on Advanced Vehicle Control (AVEC) (2004).



